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Differential Equations



Differential Equations 1

Prove that, for scalar fields ¢(x) and 1(x) in a three-dimensional domain D with boundary 9D,
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Levv-vroav= [ (30 -u30)as, (1)

where n is the outward unit normal to 0D.
Let 1(x) satisfy
V2 = §(x — %) in z >0, (2)
with
¥ =0on z=0, Y — 0 as |x| — oo, (3)
in Cartesian coordinates x = (x,y, z). Use the method of images to determine ¥ (x,y, z).
Now use the identity above to solve the equation

V=0 inz>0, ¢ — 0 as |x| — oo, (4)

with ¢ =1 on 2z =0, 22 + 4% < 1, while ¢ =0 on z = 0, 22 + y? > 1, in terms of a surface integral. Find the
closed-form solution for ¢(0,0, z).
Solution

Write the integrand as a divergence:

PV —V2H =V - (¢VY) = Vo - Vi) = V- (¥V9) + Vi) - Vo = V - (¢VY) — V). ()

Applying the divergence theorem immediately gives the result.
The free-space Green’s function satisfying V2G = 6(x — xg) with G — 0 at infinity is G = —1/47|x — xo|.
To impose ¥ = 0 on z = 0, place an image of opposite sign at the reflected point Xo = (xo, yo, —20):
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On z =0, |x — xg| = |x — X¢| so ¢ = 0.
Apply Green’s identity to ¢ (harmonic) and 1 (V2 = 6(x — xg)) over z > 0:

o) = [ (¢>ij - wgﬁ:) s, ™

The boundary has two parts: the plane z = 0 and a sphere at infinity. The sphere at infinity contributes
nothing since ¢,1 — 0. On z = 0, ) = 0 so the ¥d¢/On term vanishes. The outward normal from z > 0 at
z=01is h = —2%, s0o 9 /0On = —Ow/ﬁz‘zzo. Computing (setting xg = yo = 0 for ¢(0,0, zp)):
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s0 OY/On|__, = 20/2m(2% 4+ y? + 23)%/2 > 0. Since ¢ = 1 on z2 + y? < 1 and zero otherwise:
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Converting to polar coordinates r? = x2 + y*:
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Hence:
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As 29 = 07, ¢ — 1 (matches the BC on the unit disk). As zgp — 00, ¢ — 0 (matches the far-field BC).
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