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A dielectric sphere of radius a and permittivity ε is placed at rest at the origin in a constant electric field
which takes a uniform value E0 far from the origin. Show that Maxwell’s equations with the appropriate
boundary conditions are solved by an electric field which is uniform inside the sphere, with value:

Eint = 3
2 + εr

E0, (1)

where εr = ε/ε0, and a field outside the sphere which is the superposition of E0 and the field

E(x) = 1
4πε0

(
3(p · x̂)x̂ − p

|x|3

)
(2)

of an electric dipole at the origin, with dipole moment

p = 4πε0

(
εr − 1
εr + 2

)
a3E0. (3)

By considering the macroscopic polarisation P inside the sphere, calculate the bound surface charge
density σ. Verify explicitly that the electric dipole moment of σ is p.
Solution Inside and outside the dielectric, the potential satisfies the Laplace equation,

∇2φ = 0. (4)

Since the problem is invariant under rotation about E0, which we will take to be in the z-direction, the
solution should have no φ dependence. Then, the general solution for the Laplace equation is

φ(r, θ) =
∞∑

l=0
(Alr

l + Blr
−(l+1))Pl(cos θ). (5)

Inside the dielectric, we require regularity at the origin; we set Bl = 0. Outside the dielectric, since there
is a constant electric field at E0 = E0 cos θẑ r → ∞, we take Al = −E0δl1. So the general solution we are
looking at is

φ(r, θ) =



∞∑
l=0

Alr
lPl(cos θ), r < a,

∞∑
l=0

Dlr
−(l+1)Pl(cos θ) − E0r cos θ, r > a.

(6)

The boundary condition at r = a is given by

r̂ × (E(ar̂+) − E(ar̂−)) = 0, and r̂ · (ε0E(ar̂+) − εE(ar̂−)) = 0, (7)

which implies
∂θφ(a+, θ) = ∂θφ(a−, θ), and ε0∂rφ(a+, θ) = ε∂rφ(a−, θ). (8)

The first BC gives
Ala

l = Dla
−(l+1) − E0aδl1, (9)

and the second BC gives
ε0lAla

l−1 = −ε(l + 1)Dla
−(l+2) − εE0δl1. (10)

Solving these two, we find
Al = − 3

2 + εr
E0δl1 and D1 = −1 − εr

2 + εr
a3E0δl1. (11)

Hence, the full potential is

φ(r, θ) =


− 3

2 + εr
E0r cos θ, r < a,

−1 − εr

2 + εr

a3

r2 E0 cos θ − E0r cos θ, r > a.
(12)
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Therefore, the electric field inside the dielectric is

Eint = 3
2 + εr

E0(cos θ r̂ − sin θ θ̂) = 3
2 + εr

E0x̂. (13)

The electric field outside is

E(x) + E0 = 1 − εr

2 + εr
a3 (E0 · r̂)r − E0

r3 + E0 = 1
4πε0

(
3(p · x̂)x̂ − p

|x|3

)
+ E0 (14)

with
p = 4πε0

(
εr − 1
εr + 2

)
a3E0. (15)

A sketch of the electric field is shown in Fig. 1.

Figure 1. Electric field lines for a dielectric sphere (εr = 3, a = 1) in a uniform applied field E0. Inside the field
is uniform and weaker, Eint = 3

5E0; outside it is the superposition of E0 and an electric dipole. Lines refract at the
boundary satisfying continuity of E‖ and D⊥.

The polarisation vector is given by
P = (εr − 1)ε0Eint. (16)

The bound charge density is simply given by

σ(θ) = r̂ · P = 3(εr − 1)
2 + εr

ε0E0 cos θ. (17)

The dipole due to the surface charge distribution is, therefore, given by

p =
∫ 1

−1
d cos θ 2πσ(θ)a2 cos θ = 4πε0

(
εr − 1
εr + 2

)
a3E0, (18)

which indeed matches what we obtained by solving the Laplace equation.


