Frustrated Total Internal Reflection and
Evanescent Waves

Cambridge Electromagnetism, Chapter 8 exercises, Question 3; accompanies David Tong’s
Electromagnetism.
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Two plane, semi-infinite dielectric slabs with refractive index n are separated by a vacuum region of
width d. A plane wave of wavenumber k is incident on the vacuum region from one of the slabs at an angle
of incidence 6; to the normal, with nsinf; > 1. The electric field of the incident radiation is normal to the
plane of incidence (normal polarisation).

Show that some of the radiation is transmitted across the gap, and that the ratio of the amplitudes of
the electric fields of the transmitted and incident waves satisfies:
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(This process is known as frustrated total internal reflection and is analogous to quantum tunnelling.)
[Hint: you will need to consider both growing and decaying evanescent waves in the gap since it is of

finite width.]
Solution Let’s take the first interface to be at z = 0, and the incident electric field to be in the y-direction.
The electric field of the whole setup can be written as

(1)

where

Eloeikj-x—iwt —‘rER()eikR'x_th, T < 07

E(t,X) — y E+Oeik+-x7iwt + E_Oeik_-xfiwt’ O<z< d, (3)
‘ETOeikT-xfiwt7 T > d,
where we take
k;r = (kcosfr,0,—ksinfr), kg = (—kgrcosOr,0,—kgrsinfg), (4)
ki = (kycosy,0,—kysinfy), k_ = (—k_cosf_,0,—k_sinf_), (5)
and
kT = (kT COs QT, 0, 7]CT sin 9T) (6)

At the boundaries, we require

% (e,E* —E7) =0, (7)
% x (Ef —E) =0, (8)
X x (e:BT —¢B7) =0, (9)
% (B* —B) =0. (10)

Hence, the phase factor at the boundary must vanishes for all ¢, z, and y for our case. Therefore, all the
angular frequencies are set to be the same. The boundary condition also requires

k; 2=kp 2=k, 2=k_-2 (11)
at = 0. (11) tells us that
ksinf; = krsinfr =k, sinf, =k_sinf_. (12)
In the dielectric, we have
k k
n n

which implies k = kr and 0; = 0g. Therefore,

" sinfy = kysinfy = ki %=tk ]? — (ki - 2)2

c
= +k\/1/n2 —sin? 0; = +ix, (14)

which is the evanescent wave in the vacuum due to the total reflection (nsinf; > 1).
The electric field can be rewritten as

E[o@ikl'x + ERoeikR'x, x <0,
E(x) =y E gekr#2e=r2 L F_gekrzethr (0 < g < d, (15)
EToeikT'x, x>d,
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where we have hidden the time-dependence for convenience. By the same boundary condition at x = d, we
(16)

find
—kTsinQTz = —k[SiHQIZ — 9T = 9[ and kj; = kp.
The corresponding magnetic field is given by
1 {(—klzﬁ + kpo2) Eroe™ ™ 4 (—kp.% + kRmi)EROeikR‘x} : z <0,
B(x)=4{1 [(—kafc +ikz)EygetXI22e ™R 4 (—kp % — mi)E_oeikI'ize"’”“] 0<z<d, (17)
%(71&‘7@& + szi)EToeikT'x, x >d.
Now, we are left to match the amplitude at the boundaries. By (7), we have
Ero+ Ero = B0+ E_o, (18)
and
Erg = Epoe " + E_ge™4, (19)
Also, by (10), we have
iﬁ(E+0 — E,()) = kcos HI(EIO - ER()), (20)
(21)

and
k cos HIETO = Z.IQ(E+067Hd — E_06+Kd).

With some tedious algebra, one would find
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