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Two plane, semi-infinite dielectric slabs with refractive index n are separated by a vacuum region of
width d. A plane wave of wavenumber k is incident on the vacuum region from one of the slabs at an angle
of incidence θI to the normal, with n sin θI > 1. The electric field of the incident radiation is normal to the
plane of incidence (normal polarisation).

Show that some of the radiation is transmitted across the gap, and that the ratio of the amplitudes of
the electric fields of the transmitted and incident waves satisfies:∣∣∣∣ET

EI

∣∣∣∣2
= 1

1 + α2 sinh2 κd
, (1)

where
α = k(1 − 1/n2)

2κ cos θI
and κ = k

√
sin2 θI − 1

n2 . (2)

(This process is known as frustrated total internal reflection and is analogous to quantum tunnelling.)
[Hint: you will need to consider both growing and decaying evanescent waves in the gap since it is of

finite width.]
Solution Let’s take the first interface to be at x = 0, and the incident electric field to be in the y-direction.
The electric field of the whole setup can be written as

E(t, x) = ŷ


EI0eikI ·x−iωt + ER0eikR·x−iωt, x < 0,

E+0eik+·x−iωt + E−0eik−·x−iωt, 0 < x < d,

ET 0eikT ·x−iωt, x > d,

(3)

where we take
kI = (k cos θI , 0, −k sin θI), kR = (−kR cos θR, 0, −kR sin θR), (4)

k+ = (k+ cos θ+, 0, −k+ sin θ+), k− = (−k− cos θ−, 0, −k− sin θ−), (5)

and
kT = (kT cos θT , 0, −kT sin θT ). (6)

At the boundaries, we require
x̂ · (ε1E+ − ε0E−) = 0, (7)

x̂ × (E+ − E−) = 0, (8)

x̂ × (ε1B+ − ε0B−) = 0, (9)

x̂ · (B+ − B−) = 0. (10)

Hence, the phase factor at the boundary must vanishes for all t, z, and y for our case. Therefore, all the
angular frequencies are set to be the same. The boundary condition also requires

kI · ẑ = kR · ẑ = k+ · ẑ = k− · ẑ (11)

at x = 0. (11) tells us that
k sin θI = kR sin θR = k+ sin θ+ = k− sin θ−. (12)

In the dielectric, we have
ck

n
= ckR

n
= ω, (13)

which implies k = kR and θI = θR. Therefore,
nω

c
sin θI = k± sin θ± =⇒ k± · x̂ = ±

√
|k±|2 − (k± · ẑ)2

= ±k
√

1/n2 − sin2 θI = ±iκ, (14)

which is the evanescent wave in the vacuum due to the total reflection (n sin θI > 1).
The electric field can be rewritten as

E(x) = ŷ


EI0eikI ·x + ER0eikR·x, x < 0,

E+0eikI ·ẑze−κx + E−0eikI ·ẑze+κx, 0 < x < d,

ET 0eikT ·x, x > d,

(15)
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where we have hidden the time-dependence for convenience. By the same boundary condition at x = d, we
find

−kT sin θT z = −kI sin θI z =⇒ θT = θI and kI = kT . (16)

The corresponding magnetic field is given by

B(x) =


1
ω

[
(−kIzx̂ + kIxẑ)EI0eikI ·x + (−kRzx̂ + kRxẑ)ER0eikR·x

]
, x < 0,

1
ω

[
(−kIzx̂ + iκẑ)E+0eikI ·ẑze−κx + (−kIzx̂ − iκẑ)E−0eikI ·ẑze+κx

]
, 0 < x < d,

1
ω (−kT zx̂ + kT xẑ)ET 0eikT ·x, x > d.

(17)

Now, we are left to match the amplitude at the boundaries. By (7), we have

EI0 + ER0 = E+0 + E−0, (18)

and
ET 0 = E+0e−κd + E−0e+κd. (19)

Also, by (10), we have
iκ(E+0 − E−0) = k cos θI(EI0 − ER0), (20)

and
k cos θIET 0 = iκ(E+0e−κd − E−0e+κd). (21)

With some tedious algebra, one would find∣∣∣∣ET

EI

∣∣∣∣2
= 1

1 + α2 sinh2 κd
. (22)


