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For a relativistic particle of charge ¢ on a trajectory y*(7), where 7 is proper time, the current density
4-vector is

) =g [ dr 69 o = )i (), )
with gty = —c? and y'O > 0. Show that the 4-vector potential is given by
o (2)
= % d*20(2° = 2°) 6 (ap(z™ — 2%) (2" — 27)) J(2)

_Moge  gM(77)
T dr R (3)

where RY (1) = 2¥ — y¥(7) and 7* is determined by R*(7*)R,(7*) = 0 and R°(7*) > 0.
Verify that the Lorenz gauge condition 9, A" = 0 holds and show that
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. Y 9 .
Sl/ — v T - 5
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and all quantities on the right are evaluated at 7. Check this result for the case of a stationary charge at

the origin.
Solution Given the 4-potential satisfies

DA (&) = — g J* (2). (6)
To solve this, we shall first find the retarded Green’s function of the d’Alembert equation, which satisfies
OGH (z,2) = 6W (x — 2)npH. (7)

In the Fourier domain, we have )
—k2GM (k) = . (8)

Implementing the retarded prescription, we have
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—ﬂ 20 - sin 2°) sin X
= 5 @) [ dkdsin (ia®) sin () (12)
= LW .’EO - COS 1'0 — |X — COS IL’O X
= ) [ i foos(l(a”  x1)) = cos([k(a” + b)) (13)
= g O T [0 —xl) = 6(e" + )] (14)
n

= 4ﬂ_|x|@(1‘0) (5(:60 — |X|), (15)

where we used [;° d|k]| cos(|k|a) = 7d(a), and the second delta function vanishes under ©(z") since 2%+ x| > 0
always. Using ©(2°)d(2?) = ©(2°)5(2 — |x|)/(2|x|), we obtain

0(z°) 5(z?). (16)
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Therefore, the covariant retarded potential can be written as

™

Ab(z) = I;—O /d4z O(2% = 2) 6 (Nap(z™ — 2%) (2" — 27)) J*(2). (17)

Using the Dirac delta identities, we can simplify this:

AH(z) = uggc /dr/d4z 0(z° - 2Y) 5(77a5(x0‘ — zo‘)(xB — zﬁ)) (5(4)(,2 —y(m)y* (1)

= H;)gc /dT@(QjO _ yO(T))(S(RV(T)RV(T))y”(T)
Hogc

where 7; satisfy RY(7;)R,(7;) = 0. The Heaviside function discards all solutions in the future light cone of
the point, z#. Meanwhile, for any physical object (v < ¢), the trajectory can only cross the past light cone
once. Thus, there is only one solution, 7; = 7*.

o v (), (18)
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Figure 1. The worldline y*(7) (blue) has slope steeper than 45° (v < ¢), so it pierces the past light cone of z* exactly
once at 7*. The O(x® — y°) factor discards intersections with the future cone. R*(7*) is the resulting null vector.

Since RY(7*) is light-like and ¢¥(7*) is time-like, R”(7%)9,(7*) < 0. Therefore, we obtain

T
A'“'(J}) — _:U/Oqc Y (T )

. 1
dr R ()i (7 (19)
Now, let us verify that the potential indeed satisfies the Lorenz gauge. First, recall that
R"(T")R, (") =0, (20)
which implies
Oy (R (T")R, (7)) = 2R"(77)0, R, (T7) = 2R" (77 ) (M — 90 (77)0,7") = 0. (21)
Thus, we can write 9, 7% in terms of R and y:
R, (")
Ot = —H 2 . 22
M R () 22
Then, consider
yr(r") ) (") R" gy — 9" (Ou R )i — 4" RY (Opv)
0,A"(z) x 0 - = . , 23
1% ( ) K (RV(T*)yV(T*) (prp)Q ( )

where we have been a bit sloppy with the notations and dropped the 7* in the second equality. The first
term in the numerator can be simplified using (22):

(auy'M)RVyy = (8MT*)QMRVQV = yMR#. (24)
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Similarly, the third term becomes

=" R"(Ou) = —§" Ry, (25)

which cancels the first term. We are left with the second term; using (21), we find
= (Ou R )i = " (8 = 9" 0uT" )i = 0, (26)
where we have used "y, = —c? in the last step. Since all of the terms in the numerator cancel, we have

demonstrated that the potential indeed satisfies the Lorenz gauge.
To evaluate the field strength tensor, we use the similar approach as above. Consider

moge 1 . . . . . .
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Thus, we have
poge 1 [, Y yURTY,
FHY — O AY — Y AP = — v _ RH —
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as expected.
For a stationary charge at the origin, we have
yu(’r) = (CT7 07 0’ 0), y‘“ = (C, 07 0’0)7 and y“ = (0’07 07 O)' (29)
Then,
RM(*) = (2° — er*, %). (30)
Using R*(7*)R,(7*) = 0, we find
(20 — em)? = |x]?, (31)
which, in turn, gives
2
RM(r)ju(r) = —c|x|, and S¥=— (Q,o,o,o) . (32)
Finally, we find
0 ' —z?2 3 0 —-E' —-E? —E3
o Hogqc® [ 21 0 0 0 1 E! 0 0 0 (33)
TdnlxpP |2 0 0 0| c¢|E* 0 0 0
22 0 0 0 E3 0 0 0
as expected for a stationary charge at the origin since the beginning of time, where
= (34)
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