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Mathematical Methods 1

Using the equality [, e dy = %\/77', find the Laplace transform of f(t) = t~1/2. By integrating around

a Bromwich keyhole contour, verify the inversion formula for f(t). What is the Laplace transform of ¢'/2?
Solution The integral can be evaluated easily by a change of variable 72 = t:

F(s)=L[f(t)] = /OOO dte st 1? = /OOO dr2e " = \/f (1)

Now, we shall verify the inverse Laplace transform of F(s) The function F(s) has a principal branch cut
from —oco to 0. To see that, write s = re’, and we find

8_1/2 — r—1/2€—1’9/2 — T—1/2e—iargs/2 with args € (_7.(.771.). (2)
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Therefore, just above the branch cut, we have s~ —ir1/2; just below the branch cut, we have

s~Y2 = jp=1/2,

The inverse Laplace transform is given by
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with v — 0F. We can choose to integrate the Bromwich keyhole contour, Cp =TI'y UT_ UC, UCy UC4 UC_,
where .
Iy = lim{z € (Fie — o0, +ie]}, C.= lim {z = ee”|0 € [-7/2,7/2]}, (4)
e—0 e—0t

and the large arcs are given by 4
Cy = Rlim {z = Re"|0 € [£Z,+n]}. (5)
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Since there are no poles enclosed by this contour, we have

7{ dse®ts™1/2 = 0. (6)
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It is easy to see that the integral along C+ and C. vanishes. The integral along I'1 is given by
0 o) T
I = / dse’ts™1/2 = i/ drr=1/2et = $i/ drr=2e = 4, [~ (7)
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Thus, we find (notice the direction of the contour integration)

mif(t) + I, — I =0 = f(t)=t"12 (8)



