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1. Legendre Transform and Perturbative Expansion, Q1

Let, with z;, b;, a; € R™,

W) _ /d"l‘ e~Stbr g ir Az +V(z), a(z_W(b) =a;, [(a)+W(Ob)=b-a. (1.1)
Show that o 5 o
7. "y o 17
8ai1—‘(a) - bla Z]ij 5lk7 8bz Wz] 6(1] (12)

where W, T are matrices formed by %;UW and aaa_;a_F. Find the first few terms in the perturbative
10U g J
expansion of W (b) and correspondingly for I'(a).

Solution. . 5
Ba, (T(a) + W(b)) = aail“(a) =b;. (1.3)
Oa; Ob;
1" 1 9% s
z]ij abj aak 5zk- (14)
0 _04 0y 0 (1.5)

ob;  0b; da; Y a;

Now, Taylor expands the zero-dimensional Euclidean path integral, we find

W) _ ,—V(2/00) A 6—%(mi—A;llbl)Aij(wj—A;klbk)+%b,iA;j1bj
n
:er(a/ab)/ dnge*%&f“ijiﬁébif‘;lbj
n

1.
_ (/ dnge—;giA”gj> o~V (0/0b) ;1bi A b; (1.6)

n/Qi g je%biAz‘_jle
\/ det A 0b

where we have made the substitution & = x; — Ai_jlbj. Now, we shall take natural log on both side,

which gives
vo-n (G (FESEE]) ) e
e =




1 LEGENDRE TRANSFORM AND PERTURBATIVE EXPANSION, Q1

Now, given

LI GV

where the derivative is understood to act on 1.
Let us take the potential to be

the connected generating function becomes

n=1

Now, let us compute the first few terms of the above,

) Yoo ’
(am + Aijlbj> = (ab,- + Aijlbj> Azl by,

0b;

0b;

which corresponds to the diagrams

Therefore, to one-loop order, we have

I'(a)=-W(b)+b-a,

A
8

W) = W)+ gzt + 33 3 S [v

[e’s} 0 _1\ym+1lym
o = + g + £ (£ S

8 2
:( +A;j1bj> (A" + AL A biby)

1 A
['(a) = =Wy (0) + §Aijaiaj aF f(A;il)Q 4F ZA;ilaf +

1p, A b, 0 =il
ey o= 7+Aij bj,

0

0

0b;

1 1 1
b) — S — - - -
W) =Wo + 3 b b 8@ 4be

ob; Ob;
we have 5 5
—3bi A7, 9\ dbiAte v -1
e V<6b>e V<6b+A b>.
Therefore,

G+
o =1l
i b)] ,

4 m n
+A;jlbj>] } .

= (a + Aijlbj> (345" AL by + A Ayt AL bibiby)

= (BA; A" + 6AG AZ AL by + AN AT AT AL bibrboby),

b b
DA L\ 1 1
m(am”w"f) —sOQMbQHm '

b b

b b

The quantum action can be obtained by performing a Legendre transformation, which is

where oW (b 1 1
a; = 8b(i ) _ Azl — 5/\Al—l1Al—il,4l—jlbj — EAAl_ilAl_lel_klAl_plbjbkbp +O(\?).
Therefore, to first order in A, we can replace b; with A;;a;

A 4 2

(1.8)

(1.9)

(1.10)

(1.11)

(1.12)

(1.13)

(1.14)

. (1.15)

(1.16)

(1.17)

(1.18)



2 FEFFECTIVE ACTION FOR FREE SCALAR FIELD, Q2 3

2. Effective Action for Free Scalar Field, Q2

Starting from Z[J], determine W[.J] and I'[¢] for the free field theory for a scalar field ¢(z) of mass m. What
are 52

[ 2.1
@ 21)

in this case? Verify that they satisfy the expected inverse relations.

62
5J(x)5J(y)W[J]

Solution. For a free scalar field theory,

] = /D¢ GiSlolti [ dle %3 (2.2)
where
S[¢] = / dda [;Buqﬁa“qﬁ — %(m2 —ie)@?| . (2.3)
We define
6s(a) = 6(@) ~1 [ 'y Dea ~ 1)), (2.4)
where

ddk ie—ik-(ax—y)
Dre—) = | v —ra e (2.5)

The exponent of the generating functional becomes

_ %/ddx o(2)(O + m? —ie)p(z) +i/ddx J(2)¢(z)

; (2.6)
= =3 /ddaj $(x) (A +m? —ie)ps(x) — %/ddx/ddy J(x)Dp(x —y)J(y).
Therefore, we have
= &% 1 dy d z r— (27T)°°/2
2] = exp| -5 [ s [ atys@Dr(o - )70 = 27)

where 0 = 92 +V? is the Euclidean Laplace operator. Then, the connected diagram generating functional
is given by

iW[J] = In Z[0] — % / iy / dy J(@)Dr(z — y) T (1). (2.8)
The quantum action is defined by the Legendre transformation
Tlés] = —WJ] + / o J(@)ps(a), (2.9)
where 5T(6y] S
Il _ Xz = xX). o
Therefore,
6s(a) =i [ d'y De(w—4)I(o), (2.11)
and hence .
T[] =iln Z[0] + i/dd;v ¢ (x) (A +m? —ie)p(x). (2.12)
Now, we compute
& ) & = 2 e
which verifies 52 52
T RN AN = d xr—z). 0
7"V, e, = e .



8 RELATIONS BETWEEN GREEN’S FUNCTIONS AND 1PI VERTICES, Q3 4

3. Relations Between Green’s Functions and 1PI Vertices, Q3

Starting from the definition of the effective action I'[¢] in terms of the generating functional for connected
graphs W[J],

)
WU+ = [l o, sl = ota). (3.1)
obtain s
—/ddz Go(z,2) To(z,y) = 6%z — v), _i(SJ(gc) = /ddy Gg(x,y)w, (3.2)
where
NP 5 3 5
Gn(z1,...,2n) = (—1) 16,](351) M(xn)W[J], Tz, @) = ﬂw(wl) 6¢(mn)F[¢]. (3.3)
Show that
G3(xy, w2, 23) = /ddyl d%ys dys Ga (21, y1)Ga(22, y2)Ga (23, y3) D3 (Y1, Y2, y3)- (3.4)

Also obtain relations in diagrammatic form for G4, G5 in terms of G, I's, I'y and I's.

Solution. 5(2) 5(z) 67(2)
X - dq}— _ dZ X z )
o =50 = [ 5 5 )
Recall ST S
which gives
ao o [ g, W8Ty P
e = [ st et ~ ] T EHe AT 0
Similarly,
LY PO N P
5w = e s = | PGy &
Now, we turn to the exact connected three point function
Gg(.’L‘l,l‘Q,a)‘g /ddy1ddy2ddy3 (ng(xl,yl)aqS?yl)) <iG2($2,y2)5¢?y2)>
) 0 — Dy J(x)d(x .
(ZGz(xsays)(Wyg)> ( F[Qﬂ"’/d J(z)o( )) (3.9)

= /ddy1 d%ys d%yz Go(1,y1)G2 (72, y2) G2 (23, y3) T3 (Y1, Y2, Y3),

where we have jumped a few lines of algebra.
For higher-order connected correlation functions, we have the diagrammatic expressions:

1 T2
(@) — ()
O RO @ @ @
(w)(kl)

gre

X; X
z T @ k

Z3 T4




J GRASSMANN GAUSSIAN INTEGRAL WITH BOSONIC BACKGROUND, Q) 5

1

T5 €2
(3.11)

T4 Zs3

Ty

N N (e

R ot oo
@ @ 10 ch. @ @

Ty T3

+ > @ @ @ (3.12)
5 (@@
(6 D

4. Grassmann Gaussian Integral with Bosonic Background, Q4

Evaluate, for 6;, ; Grassmann variables,

_ 1 o TT 7 —S(,0,9) o1 ]
Z= Gy /d :z:lj[ldéi df; e . S(2,0,0) = Swi(x)w;(z) + O;w; ;(2)0; (4.1)
where w; j(z) = a%jwi(x) and assuming det[w; ;(z)] > 0.
If wi(x) = z; + %gijkx]’xk, 9ijk = Yikj, what are the Feynman rules for a perturbative expansion? Work
out the two-loop contributions to Z(g) (this is much simpler if g;; is completely symmetric).
If wi(z) = Aw;(x) in S, show that

eson - (0,2 v D

0.0 () e~ S @:0:0) 4.2
a o agj)ezwl(me (12)

By letting x; — Axs, gijk — 9ijk/A, what does this imply for Z(g)?

Solution.  Let us first evaluate the Grassmann integral by making the substitution 0, = w; ;6;

no_ ; "9 9 _ o 0 T
—0iw;,;0; _ 7 (1 — B 0. = (1 — pY — - .
/kl_l1 dOrdbre k|:|1 90, 00 (1 — O;w; ;0;) = detw; ; (69 80’(1 06 )) det w; ; (4.3)

Then, we make the substitution d"z = d"w/ det w; ;, which gives

1 n —wiw; /2 __

For w;(z) = z; + %gijka:jxk, w; j(x) = i + gijuwr the action becomes

1 1 1 ~ —
S = 5Ti%i I 59iihTiTi Tk I 3 JiikGitm T TkT1Tm + 0:0; + gij10;7;0%. (4.5)




4 GRASSMANN GAUSSIAN INTEGRAL WITH BOSONIC BACKGROUND, Q4

We can read off the Feynman rules:

i-m-mmmm--- J o= b, (4.6)
P = b, (4.7)
J
j=s=ss <: = Yijk, (4.8)
k
J k
:)(: = —GijkYilm, (4.9)
l 4 N m
J

Since we have already shown that Z = 1, the loop expansions should be cancelled order by order in g.
There are no diagrams of order ¢g. For order g2, the diagram should cancel, but we shall not show it
explicitly here.

Now, we take w; — Aw;, which the action becomes

Then,

d 5 _ _
aefs(m,e,e) = —(w;(z)wi(z) + Bw; ;(z)6;)e @00, (4.12)

while

i Q _4 Q _S(z707§)
((9] oz, + \w,(x) ) O;wi(z)e

9
o0,

=— <8jwi)j(x)9i = HjHiwi(;c)[)\ka(x)wk,j(x) + Aékwi,lj (2)6;]

(4.13)
+ Aw; (@) w; (x) — N20;w; (2)w; (z)wy, (x)91> e~ 5(@:6:0)
= — Ows(@)wi(z) + Ogw; ; ()6, )e~S@00)
where the term containing w; j; vanishes by anti-commutation of Grassmann numbers.
Letting x; — Az; and gji — giji/X is equivalent to letting w; — Aw;. In other words,
wi(Az, g/N) = Aw;(x). (4.14)

5. Fermionic Gaussian Integral, Q5



6 PFAFFIAN AND REAL GRASSMANN INTEGRALS, Q6 7

Show that, for 6;, 6;, n;, 7, i = 1,2,...,n independent Grassmann variables and B an invertible n x n
matrix,
/Hdéi db; exp(—0;B;;0; + 0;0; + 0;m;) = det B exp(ij;(B~")ijn;) , (5.1)
i=1
and
00) =~ D expu(B )| = (B, (5.2
Vi) — — % 3717 - i7" .
on; On; =7i=0
Solution. Making the substitution x; = 6; — Biglnj, and y; = 0; — ﬁjBﬁl, the integral becomes
/de(idxz‘ exp (—X:Bi;x; + M;By;'n:) = exp(7i(B~")i;n;) /H dxidx: exp (—XiBijX;) » (5.3)
=1 =1

where the latter integral is equal to det B. Then,

= d 0 o 0
0,0;) = — —— exp(7:(B™1)i;m; =———(1+u%B; ' = B; . 5.4
< ]> 8771 a,r]] ( ( )] ]) —_ 3172 anj( 7 ]) N 9 ( )
6. Pfaffian and Real Grassmann Integrals, Q6
Show that
/d2n9 exp(%@iAijﬁj + mﬂi) = Pf(A) exp(%m(Ail)ijr]j) s d2n9 = dagn e d91, (61)
where 0; and 7; are Grassmann variables, A is an invertible antisymmetric matrix and the Pfaffian is
1
( ) anlgll 2n 12 2n—11%2n (6 )
Why does Pf(A4)? = det A? Hence obtain
(0,0,) = iiexp(ln‘(/l_l)“n‘) = —(A_l)»» (6.3)
I on; On; 2 R n=0 v .
Show that 6(0) = 61 - - - 02, plays the role of a J-function for Grassmann integrals over 01, . .., 02,.
Solution. Similarly, we perform the substitution x; = 6; — Ai_jlnj, which gives
1 _ _ —
[ exp( 506+ AT A 0+ Azl + G + A7) (6.4
The exponent is
L A L A AL lA—l Ay EA—l A AT N ALy, 6.5
2X@ ii X5 T+ 2Xz ik Nk + o ‘il MmAX5 + o il MAij Ay Nk + MiXs + M5 ij M- ( . )
For the § A0 term to be non-vanishing, we need A to be antisymmetric. Therefore,
1 1
3 A MAGX; = = 5mXs- (6.6)
The integral becomes
_ N 1
/d2n9 exp(50;4:;0; + n:0;) = exp(3mi(A~")ijn;) /d2 X €xXp (QXiAinj) : (6.7)




7 FERMIONIC PATH INTEGRAL AND PARTITION FUNCTION, Q7

The integral on the right-hand side is

1 ) 0 -1 (1 "
2n v Ay | = 75 [ Zv. A v
/d XeXp<2X1 sz]) x2n e P m <2Xz Z]X])
1 0 0
= . A\
ol aXQn 8Xl (X’L 71‘7X]>
_ ! A

= gl S

= Pf(A).

1 2
PfQ(A) = (/ d*y exp <2XiAinj)>

1 1
/dandQnX’ exp <2XiAinj + 2X;Ain;‘> .

A

i1%2 12n—1%2n

Now, we consider

Let n; = %(X@ + x}) and 0} = ﬁ(XZ — X}), so that the above becomes

2n

P*(4) =/Hdmdm’- exp (1;Aijn;) = det(—A) = (=1)*" det(4) = det(A).
i=1
It is easy to see that
d 0
919 — €x liA_li‘ 1 ——A_ll
00) = 50 B p(3nm:(A™")im;) - (A™)i

is true.

/d2"991~~92nf(9) :/d2n091"'92nf(0) = f(0).

7. Fermionic Path Integral and Partition Function, Q7

(6.10)

(6.11)

Now, consider a Grassmann function, which can be expanded as f(#) = f(0)+ (terms with 6;). Therefore,

(6.12)

For the simple fermionic oscillator with energy eigenstates [0), |1) and H = bibw, let |0) = [0) + ]1),

(0] = (0] + 0(1| where 6, 6 are Grassmann variables. Show that

tre BH = / dy dj ¢ (9le=""|9), / a6 df <"’ |6) (6] = 1.

(7.1)

Let 8 = (N + 1)e and show that this can be expressed for large N as a path integral over products of

(Oip1]e 116;) ~ exp((l - ew)§i+19i) so that

N+1
tr €7ﬁH %/ H dé, d01 exp(—éiBijﬁj) = det(B),

i=1

where we take Oy 1 =0, Oy 1 = —0 and B is an (N + 1) x (N + 1) matrix of the form

1 0 0 1—ew
-1+ ew 1 0 0
0 —14+ew --- 0 0
B = . ) ) .
0 0 1 0
0 0 e =14 ew 1

Show that det B =1+ (1 —ew)V ! = 14+ e77% as N — oo.

(7.2)



8 SUPERSYMMETRIC QUANTUM MECHANICS, Q8

Solution. The completeness relation is given by
0) (O] + 1) (1] =1 = /d§d069§\9><§|. (7.4)

Then
tre 7 = (0] e PH|0) + (1] e PH |1)

= /dédee"@«éwﬁff |0) + 6(6lePH |1))

(7.5)
:/d§d969§<§|e’ﬂH|9>.
Taking 8 = N + 1, so that the path integral becomes
— = N — = — — —
tre PH = /dadee"@/ﬂ (daidaie%) (0le=161) (01]e 7 |62) - - - (On|e 7 |6) . (7.6)
i=1
For large N,
(Bivrle™H10;) = (Birale™b')0;) m e~ Pitr0i(g 1 110;) = e~ Pinrfi(1 4 §,,6;) = 1=l (7.7)

where we have neglected terms of order €2 or higher. Plugging this back into the path integral, we find
N+l ) . N+1 o )
tre PH ~ / [T did6;e® %t =e)fimbe — / 1 d6: d6; exp(—6:B;;0;) = det(B). (7.8)
0 =1

1=0N+2 ;1

The determinant is given by

9

1 00 tew 1 0
—1l4+ew --- 0 0 0 —1+ew --- 0
det(B) = det S+ (DN (A - ew) det : : .
0 vac 1 0 0 0 500 1 (7.9)
0 e —l4ew 1 0 0 oos =l 4 @w
=14+ (-1)VA-ew)(-1+ew)’ =14+ (1 — ew)V+1 5 1 e P«
8. Supersymmetric Quantum Mechanics, Q8
Let 5
S = / dr (342 + 06 + 100/ (2)? + \u” (2)00) . (8.1)
0
Assume x(7) and the Grassmannian 6(7), 6(7) are all periodic with period 3. Show that
Q(@w’e‘s) :_Ee—s Q:/BdT Hi—l—()\w’(gc)—i-j:)i 9~w’:/ﬂd79w’(x) (8.2)
8)\ ’ 0 6$ (50_ ’ 0 ’ '
Hence show that
Z= / DxDOIDH e~ (8.3)

is independent of X if A # 0. Calculate Z for Auw'(z) = wz if Z =1 for w = 0.



8 SUPERSYMMETRIC QUANTUM MECHANICS, Q8

Solution.

Q0 we®) _/Oﬁ dr <95‘;+(Aw/(x)+¢) (;50> </0ﬂ o ew’(x)65>

X dr''[&(T)6(T — ") — 2w/ (x(7"))w" (2 (")) (T — ")

— 2w (z(r")0("O(r")o (T — 7'”)}) e S

B
4 /0 drdr' M’ (x(1)) + @(7)] (5(7 — ' (z(7"))

0
B _
:/ dr 60w" (z)e"
0
B _
+ /0 drdr’ 0(T)0(7' )w' (z (7)) [#(1) — N2/ (x(1))w” (z(1))]e ™
B
+/O dr ' (x) 4 ]w (z)e™®
B _ .
+ /0 drdr’ D' (x(7)) + 2(7)]0(7)w' (x (7)) [0(7) + A" (z(7))8(7)]e~*

B _
= /0 drw” ()00 + M’ (z)w' (z) + dw' (z)]e ™
__d s
= 756 ,

where we have used the fact that zw'(z) = %w(m) is a total derivative, and thus vanishes.

Now consider e
v /DxDéDO QO -w'e ),

independent of A for SUSY QM. Now, take Aw'(x) = wz, and then
B 1 .1 _
§ = / dr (:b? + 00 + ~w’z® + w90) :
0 2 2
The partition function is then given by
7 — /Dx effdré(;'v2+w2z2) /D§D0 efqu-(éé%ué@)
_ /,Dxeffd‘r%w(fjr—éﬁ#?)g;/,pépa effdré(%+w)€
_ DetAp(% +w)
\/Detp(—dd—f2 + w?)

The determinants can be evaluated as

o () T =T[5 ] e ()T )

2 2
Detp <—;sz +w2> = 1;[ l(?) g

and

2 .
+0(r"w' (x(7")) / dr"[0(r")o(r — ") + 2w (z(7")0 (") (1 — T")}) e S (.4)

(8.5)

which only contains boundary terms of x and #. Therefore, we have dZ/d\ = 0, which means Z is

(8.6)

10



8 SUPERSYMMETRIC QUANTUM MECHANICS, Q8

Using the normalisation, Z = 1 for w = 0, we find

1— wf

2
"L (35)

7 = H (2n—1)m '

(8.10)

11
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