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1. Superficial degree of divergence with scalars and spinors, Q1

Consider a theory in 4 dimensions which contains both scalar fields φ and spinor fields ψ. The interaction
Lagrangian contains vertices of different types, labelled by r, which have the general structure λrφ

br ψ̄frψfr .
Show that the superficial degree of divergence of a diagram with EB external boson lines, EF external
fermion lines, and nr vertices of type r is

D = 4 − EB − 3
2EF +

∑
r

nrδr, δr = br + 3fr − 4. (1.1)

Relate δr to the dimension of the coupling constant λr. A fermion propagator behaves like 1/p for large
momentum p.

Solution. The internal scalar propagators gives

∼ k4L

k2IB
, (1.2)

where L is the number of internal loops and IB is the number of internal scalar lines. Similarly, the
internal spinor propagators gives

∼ k4L

kIF
, (1.3)

where IF is the number of internal spinor lines. Therefore, the superficial degree of divergence is given
by

D = 4L− 2IB − IF . (1.4)

By Euler’s formula, we have
L = I − V + 1 = IF + IB −

∑
r

nr + 1, (1.5)

which gives
D = 2IB + 3IF − 4

∑
r

nr + 4. (1.6)

The number of external scalar vertices is given by

EB =
∑

r

brnr − 2IB , (1.7)
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2 RENORMALISABLE INTERACTIONS IN d = 2, Q2 2

and similarly, for spinor external lines,

EF = 2
∑

r

frnr − 2IF . (1.8)

Putting them together, we find

D = 4 − EB − 3
2EF +

∑
r

(br + 3fr − 4)nr. (1.9)

Using dimensional analysis, [φ] = 1, [ψ] = 3/2, and [L] = 4, we have

[λr] = 4 − br − 3fr = −δr. (1.10)

Therefore, the superficial divergence becomes

D = 4 − EB − 3
2EF −

∑
r

nr[λr]. (1.11)

2. Renormalisable interactions in d = 2, Q2

What renormalisable, polynomial interactions are allowed for a scalar field in d = 2 spacetime dimensions?
Draw all divergent connected one particle irreducible diagrams which arise for φ4 theory in d = 2. Are the
examples consistent with the statement that this theory can be rendered finite in the operator approach by
normal ordering? [In terms of diagrams, normal ordering is equivalent to the restriction that propagators
cannot begin and end on the same vertex.] What renormalisable interactions are allowed for a spinor (fermion)
field in d = 2?

Solution. For d = 2, [φ] = 0, which means that the mass dimension of the coupling constants for any
polynomial interactions are two. Therefore, any polynomial interactions are allowed for the theory to
be renormalisable. The superficial degree of divergence for φ4 theory in d = 2 (dimensionless coupling
constants) is given by

D = 2L− 2I = 2 − 2V, (2.1)

which means that all diagrams with more than one vertex converge, at least superficially. That is, the
only divergent diagrams are the tadpole and the figure-eight vacuum bubble:

(2.2)

with logarithmic divergence D = 0. These two diagrams are not normal ordered, and therefore can be
rendered finite by normal ordering.
For spinor fields in d = 2, we have [ψ] = 1/2. A general spinor self-interaction will be of the form
gr(ψ̄ψ)r. For the theory to be renormalisable, we need [gr] ≥ 0, which means that 2 − r ≥ 0. Hence, the
only self-interaction allowed is the Fermi self-interaction g

2(ψ̄ψ)2. Of course, terms such as g
2(ψ̄γµψ)2 or

g
2(ψ̄γµγ5ψ)2 are also allowed.

3. Parametric integrals, Q3
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With c, c′ > 0 let

I1(c) =
∫ ∞

0
dx

x1−ε

x+ c
, (3.1)

I2(c, c′) =
∫ ∞

0
dx

x1−ε

(x+ c)(x+ c′) , (3.2)

I3(c) =
∫ ∞

0
dx

∫ ∞

0
dy

x1−εy1−ε

(x+ c)(y + c)(x+ y + c) . (3.3)

For what ε are these integrals convergent? Using x−λΓ(λ) =
∫∞

0 dααλ−1e−αx for x > 0 and also the identity
Γ(1 − ε)Γ(ε) = π/ sin πε, evaluate the integrals to obtain

I1(c) = − π

sin πεc
1−ε, I2(c, c′) = π

sin πε
c1−ε − c′1−ε

c− c′ , I3(c) = Γ(1 − ε)2[Γ(2ε− 1) − Γ(ε)2] c1−2ε. (3.4)

Determine the divergent parts of I1, I2, I3 as given by poles in ε. Note that for ε = 0, I3 has subdivergences
when x → ∞ or y → ∞. Explain why the subdivergences may be subtracted by considering

I3(c) − 2
ε
I1(c) ∼ 1

ε2

(
1 − 1

2ε
)
c, (3.5)

which does not have any ln c divergent terms.

Solution. The integral I1 is convergent for 1 < ε < 2, while the integral I2 is convergent for 0 < ε < 2.
Whereas I3 is also convergent for 1/2 < ε < 2.
For I1, we make the substitution x/c+ 1 = 1/t, so that the integral becomes

I1(c) = c1−ε

∫ 1

0
dt (1 − t)1−εtε−2 = c1−εβ(2 − ε, ε− 1)

= c1−ε Γ(ε− 1)Γ(2 − ε)
Γ(1) = c1−ε π

sin π(ε− 1) = −c1−ε π

sin πε .
(3.6)

The integral I2 can be simplified as

I2(c, c′) = 1
c′ − c

∫ ∞

0
dxx1−ε

(
1

x+ c
− 1
x+ c′

)
= I(c) − I(c′)

c′ − c
= π

sin πε
c1−ε − c′1−ε

c− c′ . (3.7)

Finally, for I3, we have

I3(c) =
∫ ∞

0
dy

y1−ε

(y + c)I2(c, y + c)

= π

sin πε

∫ ∞

0
dy

y1−ε

(y + c)

(
(y + c)1−ε − c1−ε

y

)
= π

sin πε

∫ ∞

0
dy
[
y−ε(y + c)−ε − c1−εy−ε(y + c)−1]

= π

sin πε

[
c1−2ε

∫ 1

0
dt t2ε−2(1 − t)−ε − c1−2ε

∫ 1

0
dt tε−1(1 − t)−ε

]
= Γ(1 − ε)Γ(ε)

[
Γ(2ε− 1)Γ(−ε+ 1)

Γ(ε) − Γ(ε)Γ(1 − ε)
Γ(1)

]
c1−2ε

= Γ(1 − ε)2 [Γ(2ε− 1) − Γ(ε)2] c1−2ε.

(3.8)

I1 has poles at ε ∈ Z, while the same is true for I2. I3 has poles for all integer values of ε as well as
ε = −1

2 ,−
3
2 , . . . .



4 FEYNMAN PARAMETER IDENTITY, Q4 4

For the case ε → 0, I3 admits the asymptotic series

I3(c) = c1−2ε[Γ(−1 + 2ε) − Γ(ε)2]

∼ c(1 − 2ε ln c+ · · · )
[(

− 1
2ε + γ − 1 + · · ·

)
−
(

1
ε

− γ + · · ·
)2
]

∼ c(1 − 2ε ln c+ · · · )
(

− 1
ε2 + 4γ − 1

2ε − γ2 + γ − 1 · · ·
)

∼ c

(
− 1
ε2 + 4γ + 4 ln c− 1

2ε − (4γ − 1) ln c− γ2 + γ − 1 · · ·
)

(3.9)

while 2I1/ε is
2
ε
I1(c) = −2

ε
Γ(ε)c1−ε

∼ −c2
ε

(1 − ε ln c+ · · · )
(

1
ε

− γ + · · ·
)

∼ −c
(

2
ε2 − 2γ + 2 ln c

ε
− 2γ ln c+ · · ·

)
.

(3.10)

Therefore, we can eliminate the ln c divergent term by subtracting I3 by 2I2/ε, which gives

I3(c) − 2
ε
I2(c) ∼ c

(
1
ε2 − 1

2ε − γ2 + γ − 1 + · · ·
)
. (3.11)

4. Feynman parameter identity, Q4

Using A−1 =
∫∞

0 dα e−αA, prove the general Feynman parameter identity

1
A1A2 · · ·An

= (n− 1)!
∫ 1

0
dx1

∫ 1

0
dx2 · · ·

∫ 1

0
dxn

δ(1 − x1 − x2 − · · · − xn)
(x1A1 + x2A2 + · · · + xnAn)n

. (4.1)

Solution. We shall give a more generalised proof here. Claim:
n∏

j=1

1
A

αj

j

=
Γ(
∑

i αi)∏
i Γ(αi)

1
(n− 1)!

∫
dFn

∏
i x

αi−1
i

(
∑

i xiAi)
∑

i
αi

, (4.2)

where
dFn = (n− 1)!

∫ 1

0
dx1 · · ·

∫ 1

0
dxnδ(1 −

∑
i

xi). (4.3)

Proof: Consider
Γ(αi)
Aαi

i

=
∫ ∞

0
dti t

αi−1
i e−Aiti . (4.4)

Then, we take
n∏

i=1

Γ(αi)
Aαi

i

=
n∏

i=1

∫ ∞

0
dti t

αi−1
i e−Aiti . (4.5)

We can multiply the right-hand side by

1 =
∫ ∞

0
ds δ(s−

∑
i

ti), (4.6)

which gives
n∏

i=1

Γ(αi)
Aαi

i

=
∫ ∞

0
ds δ(s−

∑
i

ti)
n∏

i=1

∫ ∞

0
dti t

αi−1
i e−Aiti . (4.7)
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Now, making the substitution ti = sxi, we find
n∏

i=1

Γ(αi)
Aαi

i

=
∫ ∞

0
ds δ(s− s

∑
i

xi)
n∏

i=1

∫ ∞

0
dxi s

αixαi−1
i e−sAixi

= 1
(n− 1)!

∫
dFn

(
n∏

i=1
xαi−1

i

)∫ ∞

0
ds s

∑
i

αi−1e−
∑

i
sAixi

= 1
(n− 1)!

∫
dFn

(
n∏

i=1
xαi−1

i

)
Γ(
∑

i αi)

(
∑

i Aixi)
∑

i
αi

.

(4.8)

5. Position-space loop integrals, Q5

Using (x2)−λΓ(λ) =
∫∞

0 dααλ−1e−αx2 , evaluate
∫
ddx (x2)−λeip·x. Check that the result is consistent with

the standard Fourier inversion formula. Let G0(x) be the Green function whose Fourier transform is 1/p2.
Calculate

∫
ddxG0(x)n eip·x for n = 2, 3. Show that the poles in ε = 4 − d are in exact agreement with one

and two-loop momentum space calculations. What happens for d ≈ 3? Why should we consider n = 3, 4, 5 in
this case?

Solution. ∫
ddx(x2)−λeip·x = −i

∫
ddxE(−x2

E)−λe−ipE ·xE , (5.1)

where we have performed the Wick rotation t = −iτ . Then, the integral becomes∫
ddx (x2)−λ eip·x

= (−1)1−λi

Γ(λ)

∫ ∞

0
dααλ−1

∫
ddxE e

−αx2
E−ipE ·xE

= (−1)1−λi

Γ(λ)

∫ ∞

0
dααλ−1 e−p2

E/4α

∫
ddy e−αy2

= (−1)1−λ 2πd/2i

Γ(λ) Γ(d/2)

∫ ∞

0
dααλ−1 e−p2

E/4α

∫ ∞

0
dy yd−1 e−αy2

= (−1)1−λ 2πd/2i

Γ(λ) Γ(d/2) · Γ(d/2)
2

∫ ∞

0
dααλ−1−d/2 e−p2

E/4α

= (−1)1−λ πd/2i

Γ(λ)

∫ ∞

0
dααλ−1−d/2 e−p2

E/4α

= (−1)1−λ πd/2i

Γ(λ) Γ(d/2 − λ)
(
p2

E

4

)λ−d/2

= i (−1)1−λ 2 d−2λ πd/2 Γ(d/2 − λ)
Γ(λ)

1
(p2

E)d/2−λ

= i (−1)1−λ 2 d−2λ πd/2 Γ(d/2 − λ)
Γ(λ)

1
(−p2)d/2−λ

,

(5.2)

where we have substituted y = xE + ipE/2α.
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Fourier transform the above back into position space, we have

i (−1)1−λ 2 d−2λ πd/2 Γ(d/2 − λ)
Γ(λ)

∫
ddp

(2π)d

e−ip·x

(−p2)d/2−λ

= (−1)−λ 2 d−2λ πd/2 Γ(d/2 − λ)
Γ(λ)

∫
ddpE

(2π)d

eipE ·xE

p d−2λ
E

= (−1)−λ 2 d−2λ πd/2 Γ(d/2 − λ)
Γ(λ)

1
Γ(d/2 − λ)

∫ ∞

0
dαα d/2−λ−1

∫
ddpE

(2π)d
e−αp2

E+ipE ·xE

= (−1)−λ 2 d−2λ πd/2 1
Γ(λ)

∫ ∞

0
dαα d/2−λ−1 1

(4πα)d/2 e
−x2

E/(4α)

= (−1)−λ 2 −2λ 1
Γ(λ)

∫ ∞

0
dαα−λ−1 e−x2

E/(4α)

= (−1)−λ 2 −2λ 1
Γ(λ) Γ(λ)

(
x2

E

4

)−λ

= (−1)−λ 1
(x2

E)λ
= 1

(x2)λ
.

(5.3)

As we have shown, the position space representation of G̃0(p) = 1/p2 is given by

6. φ4 counterterms and two-loop β function, Q6

For the scalar field theory with V (φ) = 1
2m

2φ2 + 1
24µ

ελφ4, with d = 4 − ε and µ an arbitrary mass scale so
that λ is dimensionless, the counterterms necessary for a finite four dimensional theory are written as

Lc.t.(φ) = − 1
2A(∂φ)2 − 1

2Bφ
2 − 1

24µ
ελDφ4. (6.1)

At one and two loops the non zero results of calculations are, for λ̂ = λ/16π2,

A(2) = − λ̂2

12ε , B(1) = λ̂m2

ε
, B(2) = λ̂2m2

(
2
ε2 − 1

2ε

)
, (6.2)

D(1) = 3λ̂
ε
, D(2) = 3λ̂2

(
3
ε2 − 1

ε

)
. (6.3)

Find corresponding expressions for λ0, m
2
0 and determine βλ(λ) and γm2(λ) to two loop order. Check that

the ε−2 poles have the necessary coefficients.

Solution. Comparing the renomalised Lagrangian

L = −1
2Zφ(∂φ)2 − 1

2Zmm
2φ2 + 1

24Zλµ
ελφ4 (6.4)

with the bare Lagrangian
L = −1

2(∂φ0)2 − 1
2m

2
0φ

2
0 − 1

24λ0φ
4
0, (6.5)

we find that
φ0(x) = Z

1/2
φ φ(x), (6.6)

m2
0 = Zm

Zφ
m2, (6.7)

λ0 = µεZλλ

Z2
φ

. (6.8)

The Z’s can be written as
Zφ = 1 +

∞∑
n=1

an(λ)
εn

, (6.9)
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Zm = 1 +
∞∑

n=1

bn(λ)
εn

, (6.10)

Zλ = 1 +
∞∑

n=1

dn(λ)
εn

, (6.11)

where
a1 = − λ̂2

12 + O(λ3), (6.12)

b1 = λ̂− λ̂2

2 + O(λ3), (6.13)

d1 = 3λ̂(1 − λ̂) + O(λ3), (6.14)

Since the bare parameters are constants, we have

0 = d lnλ0

d lnµ = ε+ d lnλ
d lnµ +

d ln
(
ZλZ

−2
φ

)
d lnµ . (6.15)

Note that G(λ, ε) ≡ ln
(
ZλZ

−2
φ

)
would take the form

G(λ, ε) =
∞∑

n=1

Gn(λ)
εn

, (6.16)

where
G1(λ) = d1 − 2a1 + O(λ2). (6.17)

Then,
dλ

d lnµ = −λε− λ
∂G(λ, ε)
∂λ

dλ

d lnµ =⇒ 0 = λε+
(

1 + λG′
1(λ)
ε

+ λG′
2(λ)
ε2 + · · ·

)
dλ

d lnµ. (6.18)

For the theory to be renormalisable, it should be finite as ε → 0, that is, we should have

dλ

d lnµ = −λε+ βλ(λ), (6.19)

where βλ should have no ε dependence. Therefore, βλ is redetermined by

βλ(λ) = λ2G′
1(λ) = 3

16π2λ
2 − 17λ3

768π4 + O(λ4). (6.20)

Higher order terms of G′
n(λ) are all determined by G′

1(λ) to keep βλ(λ) finite.
Now, we can compute the anomalous dimension

γm2 ≡ lim
ε→0

1
m2

dm2

d lnµ (6.21)

of the mass similarly. Since m0 is a constant, we have

0 = d lnm2
0

d lnµ =
d ln
(
ZmZ

−1
φ

)
d lnµ + d lnm2

d lnµ . (6.22)

Note that M(λ, ε) ≡ ln
(
ZmZ

−1
φ

)
would take the form

M(λ, ε) =
∞∑

n=1

Mn(λ)
εn

, (6.23)

where
M1(λ) = b1 − a1 + O(λ3) (6.24)
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Now, we have

1
m2

dm2

d lnµ = −∂M(λ, ε)
∂λ

dλ

d lnµ = −
(
M ′

1(λ)
ε

+ M ′
2(λ)
ε2 + · · ·

)
(−λε+ βλ(λ)) (6.25)

Similarly, for a renormalisable theory, we have

1
m2

dm2

d lnµ = γm2(λ), (6.26)

where
γm2(λ) = λM ′

1(λ) = λ

16π2 − 5λ2

1536π4 + O(λ3). (6.27)

We shall not explicitly check that the ε−2 does indeed match.

7. RG equations for φ4 to one loop, Q7

Let τ̂n(p1, . . . , pn) be the one particle irreducible functions in four dimensions with n external lines with
incoming momenta pi after removal of a factor i(2π)4δ(

∑
pi). In φ4 theory, as calculated using dimensional

regularisation in the MS scheme, show that to one loop we may obtain the finite results

τ̂2(p,−p) = −p2 −m2 + λm2

32π2

(
1 − ln m

2

µ2

)
, (7.1)

τ̂4(p1, p2, p3, p4) = −λ− λ2

32π2 [f(s) + f(t) + f(u)] , (7.2)

where
f(s) =

∫ 1

0
dα ln m

2 − α(1 − α)s
µ2 , s = −(p1 + p2)2, t = −(p1 + p3)2, u = −(p1 + p4)2. (7.3)

Show that τ̂2(p,−p) and τ̂4(p1, p2, p3, p4) satisfy the RG equations(
µ
∂

∂µ
+ 3λ2

16π2
∂

∂λ
+ λm2

16π2
∂

∂m2

)
τ̂n =

{
O(λ2), n = 2,
O(λ3), n = 4.

(7.4)

For s = t = u and −s � m2 in τ̂4, verify that

τ̂4(p1, p2, p3, p4) = −
(

1
λ

− 3
32π2 ln −s

µ2

)−1
(7.5)

satisfies the equation with zero right-hand side. Suppose τ̂4(p, p,−p,−p) = −λ′ for p2 = −m2 is an alternative
definition of the coupling. Find λ′ in terms of λ and express τ̂4 in terms of λ′ to O(λ′2). Note that τ̂4 is then
independent of µ but that the limit m2 → 0 is singular.

Solution. The only one-loop 1PI two-point graph is the tadpole, a single quartic vertex with two of
its legs joined into a loop,

τ̂2(p,−p) = −p2 −m2 + , (7.6)

with symmetry factor 1
2 . The external momentum never enters the loop, so the correction is a pure

constant and the −p2 stays at tree level. Explicitly,

τ̂2(p,−p) = −p2 −m2 + λ

2

∫ ddk

(2π)d

1
k2 +m2 . (7.7)
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The standard tadpole integral in d = 4 − ε dimensions, with the scale µ inserted to keep λ dimensionless,
is

λ

2 µ
ε

∫ ddk

(2π)d

1
k2 +m2 = λ

2
m2

(4π)d/2 Γ
(

1 − d
2

)(m2

µ2

)d/2−2
. (7.8)

Setting d = 4 − ε and using Γ(−1 + ε
2) = −2

ε − 1 +γ+ O(ε) together with (4π)−d/2 → (4π)−2(1 + ε
2 ln 4π),

this becomes
λm2

32π2

(
2
ε

− γ + ln 4π + 1 − ln m
2

µ2

)
+ O(ε). (7.9)

The MS scheme discards the universal combination 2
ε − γ + ln 4π, leaving the finite result

τ̂2(p,−p) = −p2 −m2 + λm2

32π2

(
1 − ln m

2

µ2

)
. (7.10)

At tree level τ̂4 = −λ. At one loop there are three 1PI graphs, the s-, t- and u-channel bubbles, each
built from two quartic vertices joined by a pair of propagators,

τ̂4 = −λ + + (t) + (u), (7.11)

where (t) and (u) are the same graph with the external legs routed into the t- and u-channel pairings.
The s-channel graph, with symmetry factor 1

2 and total momentum P = p1 + p2 through the loop, is

(−λ)2

2 µε

∫ ddk

(2π)d

1
(k2 +m2)

(
(k + P )2 +m2

) . (7.12)

Combining the two denominators with a Feynman parameter and shifting k → k − αP produces

λ2

2 µε

∫ 1

0
dα
∫ ddk

(2π)d

1(
k2 + ∆

)2 , ∆ = m2 + α(1 − α)P 2 = m2 − α(1 − α)s, (7.13)

with s = −P 2. The d-dimensional bubble integral is

µε

∫ ddk

(2π)d

1
(k2 + ∆)2

= 1
(4π)d/2 Γ

(
2 − d

2

)(∆
µ2

)d/2−2

= 1
16π2

(
2
ε

− γ + ln 4π − ln ∆
µ2

)
+ O(ε).

(7.14)

where the last step sets d = 4 − ε and uses Γ( ε
2) = 2

ε − γ + O(ε). Therefore the s-channel contribution is

λ2

32π2

(
2
ε

− γ + ln 4π −
∫ 1

0
dα ln m

2 − α(1 − α)s
µ2

)
. (7.15)

The MS subtraction again removes 2
ε − γ + ln 4π, leaving − λ2

32π2 f(s) with f as defined in the problem.
Summing the three channels gives

τ̂4(p1, p2, p3, p4) = −λ− λ2

32π2

[
f(s) + f(t) + f(u)

]
. (7.16)

Write the operator acting on the 1PI functions as

D ≡ µ
∂

∂µ
+ β

∂

∂λ
+m2γm

∂

∂m2 , β = 3λ2

16π2 , γm = λ

16π2 . (7.17)
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Since β and γm are already O(λ2) and O(λ) respectively, when they act they need only hit the tree-level
pieces; their action on the one-loop pieces is pushed to higher order and may be neglected at the order
being checked.
For τ̂2 = −p2 −m2 + λm2

32π2
(
1 − ln m2

µ2
)

the three terms give

µ
∂

∂µ
τ̂2 = λm2

32π2 · 2
1 = λm2

16π2 , (7.18)

β
∂

∂λ
τ̂2 = 3λ2

16π2 · m2

32π2

(
1 − ln m

2

µ2

)
= O(λ2), (7.19)

m2γm
∂

∂m2 τ̂2 = λm2

16π2 · (−1) + O(λ2) = − λm2

16π2 + O(λ2), (7.20)

where in the first line µ∂µ
(

− ln m2

µ2
)

= 2, and in the last line m2∂m2(−m2) = −m2 acts on the tree-level
mass term. The leading O(λ) pieces cancel between the first and third lines,

D τ̂2 = λm2

16π2 − λm2

16π2 + O(λ2) = O(λ2), (7.21)

as required.
For τ̂4 = −λ− λ2

32π2
[
f(s) + f(t) + f(u)

]
note that each f depends on µ only through the − ln

(
· · · /µ2)

inside the α-integral, so µ∂µf =
∫ 1

0 dα (2) = 2. Hence

µ
∂

∂µ
τ̂4 = − λ2

32π2 · 3 · 2 = − 3λ2

16π2 , (7.22)

β
∂

∂λ
τ̂4 = 3λ2

16π2 · (−1) + O(λ3) = − 3λ2

16π2 + O(λ3), (7.23)

the γm term being O(λ3) since ∂m2 acts on the already-O(λ2) loop piece. The first line came from µ∂µ

on the loop term and the second from β∂λ on the tree term −λ; they are equal and opposite, so

D τ̂4 = − 3λ2

16π2 + 3λ2

16π2 + O(λ3) = O(λ3). (7.24)

Both functions satisfy the RG equation to the stated order. The mechanism is the same in each case, the
explicit µ-dependence of the loop logarithms is compensated by the running of the tree-level coupling
and mass.
Take s = t = u with −s � m2. In this regime the mass drops out of the α-integral and

f(s) =
∫ 1

0
dα ln −α(1 − α)s

µ2 = ln −s
µ2 +

∫ 1

0
dα lnα(1 − α) = ln −s

µ2 − 2, (7.25)

so the three channels give τ̂4 = −λ− 3λ2

32π2
(

ln −s
µ2 − 2

)
, and absorbing the constant −2 into the scheme

this is −λ− 3λ2

32π2 ln −s
µ2 at this order. The proposed closed form

τ̂4 = −
(

1
λ

− 3
32π2 ln −s

µ2

)−1
(7.26)

expands as −λ
(
1 − 3λ

32π2 ln −s
µ2
)−1 = −λ− 3λ2

32π2 ln −s
µ2 + O(λ3), matching the one-loop result. To check it

solves Dτ̂4 = 0 exactly, observe that it depends on λ and µ only through the combination
1
λ

− 3
32π2 ln −s

µ2 ≡ 1
λ̄(s)

, (7.27)

and there is no separate mass dependence so the γm term vanishes. Acting with the operator,

µ
∂

∂µ

1
λ̄

= − 3
32π2 · (−2) = 3

16π2 , (7.28)

β
∂

∂λ

1
λ̄

= 3λ2

16π2 ·
(

− 1
λ2

)
= − 3

16π2 , (7.29)
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which cancel, so D(1/λ̄) = 0 and therefore Dτ̂4 = 0 identically. The resummed coupling λ̄(s) is exactly
the running coupling at scale

√
−s, and the closed form is RG-invariant by construction.

Define the coupling at the symmetric physical point by τ̂4(p, p,−p,−p) = −λ′ with p2 = −m2. At this
kinematic point the three Mandelstam invariants are

s = −(2p)2 = −4p2 = 4m2, t = u = −(p− p)2 = 0, (7.30)

so f(s) = f(4m2) and f(t) = f(u) = f(0) =
∫ 1

0 dα ln m2

µ2 = ln m2

µ2 . Hence

−λ′ = −λ− λ2

32π2

[
f(4m2) + 2 ln m2

µ2

]
, (7.31)

that is
λ′ = λ+ λ2

32π2

[
f(4m2) + 2f(0)

]
+ O(λ3), f(0) = ln m

2

µ2 . (7.32)

Inverting to the same order, λ = λ′ − λ′2

32π2
[
f(4m2) + 2f(0)

]
+ O(λ′3). Substituting back into τ̂4 and

keeping terms to O(λ′2),

τ̂4 = −λ′ − λ′2

32π2

[(
f(s) − f(4m2)

)
+
(
f(t) − f(0)

)
+
(
f(u) − f(0)

)]
+ O(λ′3). (7.33)

Each difference of f ’s has the µ-dependence cancelled, since f(x) − f(y) =
∫ 1

0 dα ln m2−α(1−α)x
m2−α(1−α)y is

independent of µ. This is the expected outcome, λ′ is defined at a fixed physical point rather than at
the sliding scale µ, so once τ̂4 is written through λ′ it can carry no residual µ-dependence,

µ
∂

∂µ
τ̂4

∣∣∣
λ′

= 0. (7.34)

Finally, the limit m2 → 0 is singular precisely because the renormalisation point p2 = −m2 was tied
to the mass. As m2 → 0 the subtraction logarithms f(0) = ln m2

µ2 and f(4m2) both diverge, the
renormalisation point collides with the massless threshold, and a finite massless definition of λ′ at this
symmetric point no longer exists. A massless theory must instead be renormalised at a spacelike off-shell
point. This is the exact demonstration showing that any on-shell like renormalisation scheme will surfer
from IR divergence.

8. φ3 in d = 6, one-loop counterterms, Q8

Consider a scalar field φ where V (φ) = 1
2m

2φ2 + 1
6µ

1
2 εgφ3 in dimension d and ε = 6 − d. Here µ is an

arbitrary mass scale so that g is dimensionless. Draw the one-loop one particle irreducible graph which
contributes to the propagator at order g2. Show that the divergent part of the corresponding integral using
dimensional regularisation for the six dimensional theory is

−1
ε

g2

(4π)3

(
m2 + 1

6p
2) , (8.1)

where p is the external momentum. Using dimensional regularisation compute the divergence corresponding
to the one particle irreducible one-loop graph giving a g3 correction to three point function. Find also the one
loop divergence for the one point function. Show that these divergences in six dimensions may be cancelled
by introducing the counterterm Lagrangian

Lc.t.(φ) = 1
ε

1
6(4π)3

( 1
2g

2(∂φ)2 + µ−εV ′′(φ)3) . (8.2)

Check that Lc.t. has dimension d.
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Solution. A detailed calculation on φ3 theory in six dimensions can be found on the page.

9. φ3 in d = 6, β function, Q9

For the six dimensional φ3 theory of the previous question express the bare g0,m
2
0 in terms of the dimensionless

coupling g and m2 and also an arbitrary scale mass µ to lowest order. Determine the beta function βg(g)
and also γm2(g) to lowest order and show that βg(g) < 0 for g small.

Solution. See, for example, Srednicki for detailed treatment.

10. Reparameterisation invariance of β, Q10

For a theory with multiple couplings gi the beta function βi(g) = µ d
dµg

i defines a vector field. Show that
under a redefinition gi → g′i(g) we have

β′i(g′) = ∂g′i

∂gj
βj(g). (10.1)

Show that for a single coupling with β(g) = b1g
3 + b2g

5 + O(g7) and g′(g) = g + O(g3) the first two terms in
the beta function are invariant. Show also that it is possible to choose g′(g) so that all terms other than the
first two are zero.

Solution. Under the redefinition gi → g′i, we have

βi(g) = µ
d

dµ
gi → β′i(g′) = µ

d

dµ
g′i = ∂g′i

∂gj
µ
d

dµ
gj = ∂g′i

∂gj
βj(g). (10.2)

For the case β(g) = b1g
3 + b2g

5 + O(g7), write the redefinition as g′ = g + c g3 + O(g4), so that

∂g′

∂g
= 1 + 3c g2 + O(g3), (10.3)

and
β′(g′) = ∂g′

∂g
β(g) = (1 + 3c g2)(b1g

3 + b2g
5) + O(g7) = b1g

3 + (b2 + 3b1c)g5 + O(g7). (10.4)

This is still expressed through g, whereas β′ must be a function of g′. Inverting, g = g′ − c g′3 + O(g′5),
so g3 = g′3 − 3c g′5 + O(g′7) and g5 = g′5 + O(g′7), giving

β′(g′) = b1
(
g′3 − 3c g′5)+ (b2 + 3b1c)g′5 + O(g′7) = b1g

′3 + b2g
′5 + O(g′7), (10.5)

so the 3b1c from the Jacobian cancels against the −3b1c from re-expressing g3, and the first two terms
are invariant. Carrying this one order further, the leading new coefficient at order g2n+1 enters b′

n

proportional to b1 for n ≥ 3 (but cancels for n ≤ 2), so since b1 6= 0 one may solve order by order to set
every coefficient beyond the first two to zero, leaving β′(g′) = b1g

′3 + b2g
′5.
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