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Consider the process in which electrons of very high energy scatter from a target. In leading order in α,
the electron is connected to the target by one photon propagator:

iM =

p′

p

q

e−

e−

(1)

where the blob is, in general, complicated coupling of the virtual photon to the target.
If the initial and final energies of the electron are E and E′. Under the high-energy limit,

p = (E, 0, 0, E), p′ = (E′, E′ sin θ, 0, E′ cos θ), (2)

which implies
q2 = (p′ − p)2 = −2EE′(1 − cos θ). (3)

In the limit of forward scattering, whatever the energy loss, the photon momentum approaches q2 = 0; thus
the reaction is highly peaked in the forward direction. It is tempting to guess that, in this limit, the virtual
photon becomes a real photon. Let us investigate in what sense that is true.

(a) The matrix element of the above process is given by

M = (−ie)ū(p′)γµu(p)−igµν

q2 M̂ν(q), (4)

where M̂ν(q) represents the (in general, complicated) coupling of the virtual photon to the target. Let us
analyse the structure of the piece ū(p′)γµu(p). Let q = (q0, ~q) and q̃ = (q0, −~q). We can expand the spinor
products as

ū(p′)γµu(p) = Aqµ + Bq̃µ + Cεµ
1 + Dεµ

2 , (5)

where A, B, C, D are functions of the scattering angle and energy loss and ε1, ε2 are two unit vectors transverse
to ~q. By dotting the expression with qµ, we find

qµ · [ū(p′)γµu(p)] = Aq2 + Bq · q̃. (6)

By Ward identity, we have qµū(p′)γµu(p)] = 0. Thus, we have

B = −A
q2

q · q̃
≈ A

2EE′(1 − cos θ)
(q0)2 + ~q2 ∼ θ2. (7)

Thus, B can be ignored in the case of forward scattering.
Again, by Ward identity, we have q · M̂(q) = 0. Thus, A can be ignored as well.
(b) In the frame where p = (E, 0, 0, E), the spinor us(p) is given by

us(p) =
(√

p · σξs√
p · σ̄ξs,

)
(8)

where
σ3ξ± = ±ξ± =⇒ ξ+ =

(
1
0

)
, ξ− =

(
0
1

)
, (9)

and √
p · σ =

√
E(1 − σ3), √

p · σ =
√

E(1 + σ3). (10)
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Thus,

u+(p) =
√

2E


0
0
1
0

 , u−(p) =


0
1
0
0

 . (11)

Next, let us evaluate u(p′). Using p′ = (E′, E′ sin θ, 0, E′ cos θ), we find

p̂′ · ~σξ± = ±ξ± =⇒ ξ+ =
(

cos θ
2

sin θ
2

)
, ξ− =

√
2E

(
− sin θ

2
cos θ

2

)
(12)

and √
p · σ =

√
E′(1 − p̂ · ~σ),

√
p · σ̄ =

√
E′(1 + p̂ · ~σ). (13)

Thus, we find

u+(p′) =
√

2E′


0
0

cos θ
2

sin θ
2

 , u−(p′) =
√

2E′


− sin θ

2
cos θ

2
0
0

 . (14)

The polarisation vectors are defined to be parallel and horizontal to the scattering plane (x − z plane).
Thus,

εµ
1 = 1√

E2 + E′2 − 2EE′ cos θ

(
0, E′ cos θ − E, 0, −E′ sin θ

)
, εµ

2 = (0, 0, 1, 0). (15)

Now, let us evaluate ū(p′)~γ · ~εiu(p). With some algebra, one should find

ū±(p′)~γ · ~ε1u±(p) = − E′ + E

|E′ − E|
θ
√

EE′ = C,

ū±(p′)~γ · ~ε2u±(p) = ±θ
√

EE′ = D±,

ū±(p′)~γ · ~ε1u∓(p) = ū±(p′)~γ · ~ε2u∓(p) = 0.

(16)


