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In this question, we will compute one of the most important radiatively corrected cross sections – the
production of strongly interacting particles through e+e− annihilation.

Let us represent the strong interactions by the simple model:

∆H =
∫
d3xgψ̄fiγ

µψfiBµ, (1)

where Bµ is a new massless vector particle, the gluon, the label f labels the flavour of the quark (u, d, s, c,,
etc) and i = 1, 2, 3 labels the colour. The strong coupling constant g is independent of flavour and colour.
The electromagnetic coupling of quarks depends on the flavour, since Qf = 2

3 for the u and c quarks and
Qf = −1

3 for the d and s quarks. By analogy to α, let us define

αg = g2

4π . (2)

Throughout the computation, we shall ignore the masses of quarks and electrons, and also average over
the electron and positron polarisations. To control infrared divergence, we shall give the gluon a small,
nonzero mass µ, which can be taken to zero only at the end of the calculations.

(a) First, let us compute the cross section at tree level. Consider the diagram,

iM0

=
k

e+

e− q

q̄
= (−ie)v̄(p2)γµu(p1)−igµν

k2 (−ieQf )ū(p3)γνv(p4)

= −i (−ie)
2Qf

s
v̄(p2)γµu(p1)ū(p3)γµv(p4).

(3)

Taking the hermitian conjugate of M0, we find

M†
0 = e2Qf

s
ū(p1)γµv(p2)v̄(p4)γµu(p3). (4)

One should notice that in the above calculation, we have made the colour implicit. Since we do not measure
the colour of the quarks, we should sum over the colours. Therefore, by averaging over the incoming spins
and summing over the outgoing spins and colours, we have

1
4

∑
spins, colours

M0M†
0 =

∑
spins, colours

e4Q2
f

4s2 [ū(p1)γνv(p2)][v̄(p2)γµu(p1)][ūi(p3)γµvi(p4)][v̄i(p4)γνui(p3)]

=
3e4Q2

f

4s2 Tr
{
/p1γ

ν
/p2γ

µ
}

Tr
{
/p3γµ/p4γν

}
= 3

4e4Q2
f

s2 (pν
1p

µ
2 − p12g

µν + pµ
1p

ν
2)(pν

3p
µ
4 − p34g

µν + pµ
3p

ν
4)

= 3
4e4Q2

f

s2 (2p13p24 + 2p14p23)

= 3
2e4Q2

f

s2 (t2 + u2).

(5)

In the centre of mass frame, we have

p1 = (E, 0, 0, E), p2 = (E, 0, 0,−E), p3 = (E,E sin θ, 0, E cos θ), p4(E,−E sin θ, 0,−E cos θ), (6)

which implies
t = −2p13 = −2E2(1 − cos θ), u = −2p14 = −2E2(1 + cos θ). (7)
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Thus, the differential corss section becomes

dσ

dΩ =
3e4Q2

f

32π2s3

(
s2

4 (1 − cos θ)2 + s2

4 (1 + cos θ)2
)

=
3α2Q2

f

4s (1 + cos2 θ).
(8)

Then,

σ(e+e− → q̄q) = 2π
3α2Q2

f

4s

∫ 1

−1
d(cos θ)(1 + cos2 θ)

= 4α2π

3s · 3Q2
f .

(9)

Now, let us consider the diagram involving one virtual gluon, which is the diagram

iδM = q

k′

k

p3 − k

e−

e+

q̄

q

= (−ie) v̄(p2)γµu(p1) −igµν

k2 (−ieQf )
[
ū(p3) δΓν(p3, p4) v(p4)

]
= (−ie)2Qf

s
v̄(p2)γµu(p1)

[
ū(p3) δΓµ(p3, p4) v(p4)

]
.

(10)

We shall focus on evaluating ū(p3) δΓµ(p3, p4) v(p4), which gives

ū(p3) δΓµ(p3, p4) v(p4) = (−ig)2
∫

d4k

(2π)4 ū(p3)γα i/k

k2 + iε
γµ

i /k′

k′2 + iε
γβv(p4) −igαβ

(p3 − k)2 − µ2 + iε

= −ig2
∫

d4k

(2π)4 ū(p3) γα/kγµ /k
′γα

(k2 + iε)(k′2 + iε)((p3 − k)2 − µ2 + iε)v(p4)

= 2ig2
∫

d4k

(2π)4 ū(p3)
/k′γµ/k

(k2 + iε)(k′2 + iε)((p3 − k)2 − µ2 + iε)v(p4).

(11)

Now, we can simplify this using the Feynman parameters:

1
ABC

=
∫ 1

0
dxdydzδ(x+ y + z − 1) 2

(xA+ yB + zC)3 =
∫ 1

0
dxdydzδ(x+ y + z − 1) 2

D3 . (12)

Thus, the denominator of becomes

D = z(k2 + iε) + y(k′2 + iε) + z((p3 − k)2 − µ2 + iε)
= k2 + yq2 − 2k · (yq + zp3) − zµ2 + iε

= (k − (yq + zp3))2 − (yq + zp3)2 + yq2 − zµ2 + iε

= (k − (yq + zp3))2 − 2zyq · p3 + y(1 − y)q2 − zµ2 + iε

= (k − (yq + zp3))2 + zy(q − p3)2 − zyq2 + y(1 − y)q2 − zµ2 + iε

= (k − (yq + zp3))2 + y(1 − y − z)q2 − zµ2 + iε,

(13)

where we have used k′ = k − q and x+ y + z = 1. Now, substitute l = k − yq − zp3, we find

D = l2 − ∆ + iε, (14)
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where
∆ ≡ −xyq2 + zµ2. (15)

The numerator, Nµ, now becomes

Nµ = ū(p3)(/q − /l − y/q − z/p3)γµ(/l + y/q + z/p3)v(p4)
= ū(p3)((1 − y)/q − /l)γµ(/l + y/q + z/p3)v(p4)
= ū(p3)((1 − y)/q − /l)[(−/l − y/q − z/p3)γµ + 2lµ + 2yqµ + 2zp3µ]v(p4).

(16)

Recall that the integral involving only one lµ vanishes:∫
d4l

(2π)4
lµ

D3 = 0. (17)

Also, recall ∫
d4l

(2π)4
lµlν

D3 =
∫

d4l

(2π)4

1
4g

µν l2

D3 (18)

Thus, the above becomes

Nµ → ū(p3)[(−y(1 − y)q2 + −2z(1 − y)q · p3 + l2)γµ − 1
2 l

2γµ]v(p4)

= ū(p3)[(−y(1 − y)q2 + z(1 − y)(q + p3)2 − z(1 − y)q2 + l2)γµ − 1
2 l

2γµ]v(p4)

= ū(p3)(−(y + z)(1 − y)q2 + 1
2 l

2)γµv(p4).

(19)

Thus, we see that the 1-loop correction is of the form

iδM = iM0
δF1(q2)
Q2

f

, (20)

where
δF1(q2) = 4ig2Q2

f

∫ 1

0
dxdydz

∫
d4l

(2π)4
−(y + z)(1 − y)q2 + 1

2 l
2

D3 δ(x+ y + z − 1). (21)

Thus, our job now simplifies to evaluate δF1(q2) and since it describes the modification of electric charge, we
can then simply plug F1(q2) instead of Qf into the cross section, which gives

σ(e+e− → q̄q) = 4α2π

3s · 3|F1(s)|2 (22)

with
F1(q2) = Q2

f + δF1(q2) (23)

to first order of αg.
Now, using Pauli-Villars regularization and Wick’s rotation, we have

δF1(q2) =
αgQ

2
f

2π

∫ 1

0
dxdydz

{
ln

(
zΛ2

∆

)
+ (y + z)(1 − y)q2

−xyq2 + zµ2

}
δ(x+ y + z − 1). (24)

On the other hand, to maintain the condition F1(0) = Q2
f , we should renormalize δF1(q2) to be

δF1(q2) − δF1(0). (25)

Thus, the integral becomes

δF1(q2) =
αgQ

2
f

2π

∫ 1

0
dxdydz

{
ln

(
zµ2

−xyq2 + zµ2

)
+ (y + z)(1 − y)q2

−xyq2 + zµ2

}
δ(x+ y + z − 1). (26)



Quantum Field Theory 4

(b) Before we continue to compute the integral above, let us study the process of e−e+ → q̄qg. Let q be
the total 4-momentum of the process and k1, k2, k3 be the 4-momentum of the quark, antiquark and the
gluon, respectively.

The Lorentz-invariant phase space integral is given by∫
dΠ3 = (2π)4

∫
d3k1

(2π)3
1

2E1

d3k2

(2π)3
1

2E2

d3k3

(2π)3
1

2E3
δ4(k1 + k2 + k3 − q). (27)

It is convenient to define xi as
xi = 2ki · q

q2 . (28)

In the centre of mass frame,
q = (ECM, 0, 0, 0), ki = (Ei,~ki). (29)

Thus,
xi = 2Ei

ECM
, (30)

which is the ratio between the particle in the centre of mass frame to the total centre of mass energy.
(i) ∑

i

xi =
2

∑
i ki · q
q2 = 2. (31)

(ii) Now, we need to show that all the Lorentz scalars involving only the final state momenta can be expressed
in terms of xi. We only need to consider

(k1 + k2)2 = (q − k3)2 = q2 − q2x3 +m2
3 = q2(1 − x3) +m2

3. (32)

The same thing applies to other combinations of ki.
(iii) Now, we are ready to evaluate the phase space integral:∫

dΠ3 = (2π)4
∫

d3k1d
3k2

(2π)92E12E22E3
δ(E1 + E2 + E3 − ECM)

∣∣∣∣
~k3=−~k1−~k2

(33)

The integral measure can be written as

d3k1d
3k2 = k2

1k
2
2dk1dk2dΩ1dΩ12 (34)

with a slight ambiguity of notations (from now on we use k1 =
∣∣∣~k1

∣∣∣). Ω1 is the solid angle between ~k1 and ~q
and Ω12 is the solid angle between ~k1 and ~k2. The delta function can be written as

δ(E1 + E2 + E3 − ECM) = δ

(
E1 + E2 +

√
µ2 + (~k1 + ~k2)2 − ECM

)
= δ

(√
µ2 + k2

1 + k2
2 + 2k1k2 cos θ12 − (ECM − E1 − E2)

)
= E3

k1k2
δ

(
cos θ12 − E2

3 − k2
1 − k2

2 − µ2

2k1k2

)
.

(35)

Thus, the integral becomes∫
dΠ3 = 2(2π)2

(2π)5

∫ ∞

0
dk1dk2

k2
1k

2
2

2k12k22E3

∫ 1

−1
d(cos θ12) E3

k1k2
δ

(
cos θ12 − E2

3 − k2
1 − k2

2 − µ2

2k1k2

)
= 1

32π3

∫
dk1dk2

= 1
32π3

∫
dE1dE2.

(36)

Recall, in the centre of mass frame, we have

xi = 2Ei

ECM
=⇒ dxi = 2

ECM
dEi. (37)
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Therefore, the integral simplifies to ∫
dΠ3 = q2

128π3

∫
dx1dx2. (38)

Now, let us find the region of integration. The integration variables are bounded by the curves

ECM = E1 + E2 +
√
µ2 + (E1 + E2)2, or ECM = E1 + E2 +

√
µ2 + (E1 − E2)2, (39)

which implies {
E2

CM − 2ECM(E1 + E2) − 2E1E2 = µ2 + 2E1E2

E2
CM − 2ECM(E1 + E2) − 2E1E2 = µ2 − 2E1E2

=⇒

{
(1 − x1)(1 − x2) = µ2/s

x1 + x2 = 1 − µ2/s.
(40)

Thus, the integral is bounded by these two curves. Specifically, x1 is bounded by

(1 − x1)(µ
2

s
+ x1) = µ2

s

=⇒ x2
1 −

(
1 − µ2

s

)
x1 = 0

=⇒ x1 = 1 − µ2

s

=⇒ 0 < x1 < 1 − µ2

s
.

(41)

Then, the boundary of x2 can be found with simple algebra:{
x2 = 1 − µ2/s

1−x1

x2 = 1 − x1 − µ2

s

=⇒ 1 − x1 − µ2

s
< x2 < 1 − µ2

s(1 − x1) .

(42)

(c) Now, let us consider the diagrams contributing to the process e+e− → q̄qg of the leading order of α
and αg. The two diagrams are

iM = q

k1+k3

k1

k2

k3
e+

e−

q

q̄

g

+ q

k2+k3

k2

k1

k3
e+

e−

q̄

q

g

= −igµν

q2 + iε
v̄(p2)(−ie)γµu(p1)ū(k1)(−ig)γα i(/k2 + /k3)

(k2 + k3)2 + iε
(−ieQf )γνv(k2)ε∗α(k3)

− −igµν

q2 + iε
v̄(p2)(−ie)γµu(p1)ū(k1)(−ieQf )γν i(/k1 + /k3)

(k1 + k3)2 + iε
(−ig)γαv(k2)ε∗α(k3)

= ie2gQf

s
v̄(p2)γµu(p1)ū(k1)

[
γα (/k2 + /k3)

(k2 + k3)2 + iε
γµ − γµ

(/k1 + /k3)
(k1 + k3)2 + iε

γα

]
v(k2)ε∗α(k3),

(43)

while the minus sign arises from the anticommutation relation between fermions. This can be seen by writing
down the contractions individually.
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Then, summing over the spins, colours and polarisations, we have

1
4

∑
s,c,p

|M|2 =
3e4g2Q2

f

4s2 Tr
[
/p2γ

µ
/p1γ

ν
]

Tr
{
/k1

[
γα (/k2 + /k3)

(k2 + k3)2 + iε
γµ − γµ

(/k1 + /k3)
(k1 + k3)2 + iε

γα

]
/k2

×
[
γν

(/k2 + /k3)
(k2 + k3)2 + iε

γβ − γβ (/k1 + /k3)
(k1 + k3)2 + iε

γν

] }
(−gαβ)

= −
3e4g2Q2

f

4s2 Tr
[
/p2γ

µ
/p1γ

ν
]{

1
(k2 + k3)4 Tr[/k1γ

α(/k2 + /k3)γµ/k2γν(/k2 + /k3)γα]

+ 1
(k1 + k3)4 Tr[/k1γ

µ(/k1 + /k3)γα/k2γα(/k1 + /k3)γν ]

− 1
(k1 + k3)2(k2 + k3)2 Tr[/k1γ

α(/k2 + /k3)γµ/k2γα(/k1 + /k3)γν ]

− 1
(k1 + k3)2(k2 + k3)2 Tr[/k1γµ(/k1 + /k3)γα/k2γν(/k2 + /k3)γα]

}
.

(44)

To proceed, let us simplify the calculation by throwing away the correlation between the initial beam axis
and the direction of the final particles. To do that, consider the structure of the matrix element yielded
above; we should have ∫

dΠ3
1
4

∑
|M|2 = Lµν

∫
dΠ3H

µν , (45)

where Lµν is the electron trace and Hµν is the quark trace. Now, if we integrate over all parameters of the
final state except x1 adn x2, the only preferred 4-vector characterising the final state is qµ. On the other
hand, by Ward-Takahashi, we have (can be checked explicitly)

qµH
µν = 0. (46)

Since, after integrating over final-state vectors,
∫
Hµν is only dependent on scalars (x1 and x2) and qµ. Thus,

it must take the form ∫
dΠ3H

µν =
(
gµν − qµqν

q2

)
·H, (47)

where H is a scalar. The minus sign is there to preserve Ward identity. H can be evaluated by contracting
the above with gµν : ∫

dΠ3gµνH
µν = 3H =⇒ H = 1

3

∫
dΠ3gµνH

µν . (48)

Thus,
Lµν

∫
dΠ3H

µν = Lµν

(
gµν − qµqν

q2

)
1
3

∫
dΠ3gρσH

ρσ = 1
3Lµνg

µν

∫
dΠ3gρσH

ρσ, (49)

where we have used the Ward identity once again.
Using this trick, we have∫
dΠ3

1
4

∑
|M|2 = −

e4g2Q2
f

4s2 Tr
[
/p2γ

µ
/p1γµ

] ∫
dΠ3

{
1

(k2 + k3)4 Tr[/k1γ
ν(/k2 + /k3)γα/k2γα(/k2 + /k3)γν ]

+ 1
(k1 + k3)4 Tr[/k1γ

α(/k1 + /k3)γα/k2γν(/k1 + /k3)γα]

− 1
(k1 + k3)2(k2 + k3)2 Tr[/k1γ

α(/k2 + /k3)γν/k2γα(/k1 + /k3)γν ]

− 1
(k1 + k3)2(k2 + k3)2 Tr[/k1γ

ν(/k1 + /k3)γα/k2γν(/k2 + /k3)γα]
}
.

(50)

Now, let us compute the traces:

Tr[/k1γ
ν(/k2 + /k3)γα/k2γα(/k2 + /k3)γν ] = 4 Tr[/k1(/k2 + /k3)/k2(/k2 + /k3)]

= 16[2k1 · (k2 + k3)k2 · (k2 + k3) − k12(k2 + k3)2]
= 16(2k13k23 − µ2k12).

(51)
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and, similarly,
Tr[/k1γ

ν(/k1 + /k3)γα/k2γα(/k1 + /k3)γν ] = 16(2k13k23 − µ2k12). (52)

At the limit µ → 0, we have
16(2k13k23 − µ2k12) → 8s2(1 − x1)(1 − x2). (53)

On the other hand, the “cross" traces gives

Tr[/k1γ
α(/k2 + /k3)γν/k2γα(/k1 + /k3)γν ] + Tr[/k1γ

ν(/k1 + /k3)γα/k2γν(/k2 + /k3)γα]
= −128k12(k1 + k3) · (k2 + k3)
= −16[s(1 − x3) + µ2](µ2 + s).

(54)

Under the massless limit, it becomes

−16[s(1 − x3) + µ2](µ2 + s) → −16s2(1 − x3). (55)

Then (under the massless limit), we find∫
dΠ3

1
4

∑
|M|2

= −
e4g2Q2

f

4s2 (−8p12)
∫
dΠ3

{
32(1 − x1)
(1 − x2) + 32(1 − x2)

(1 − x1) + 64(1 − x3)
(1 − x1)(1 − x2)

}
=

32e4g2Q2
f

s2

∫
dΠ3

2 − 2(x1 + x2 + x3) + x2
1 + x2

2 + 2
(1 − x1)(1 − x2)

=
32e4g2Q2

f

s

∫
dΠ3

x2
1 + x2

2
(1 − x1)(1 − x2) .

(56)

Thus, the differential cross section in the centre of mass frame is given by

dσ(e+e− → q̄qg)
dx1dx2

= s

128π2
1

2E12E2|~vp1 − ~vp2 |
32e4g2Q2

f

s

x2
1 + x2

2
(1 − x1)(1 − x2)

= (2π)2(4π) s

128π2

16α2αgQ
2
f

s2
x2

1 + x2
2

(1 − x1)(1 − x2)

= 2πα2αgQf

s

x2
1 + x2

2
(1 − x1)(1 − x2)

= 4πα2

3s · 3Qf · αg

2π
x2

1 + x2
2

(1 − x1)(1 − x2) .

(57)

(d) Now, we shall no longer work under the massless limit, but assuming µ2 � s. The averaged squared
matrix element then takes the form

1
4

∑
|M|2 =

e4g2Q2
f

s
F (x1, x2, µ

2/s), (58)

where

F (x1, x2, µ
2/s) = 4

(
1

s2(1 − x1)2 + 1
s2(1 − x2)2

)
· 16

(
2 [s(1 − x2) − µ2][s(1 − x1) − µ2]

4 − µ2 s(1 − x3) + µ2

2

)
+ 4 · 16 [s(1 − x3) + µ2](µ2 + s)

s2(1 − x1)(1 − x2)

= 32
(

1
(1 − x1)2 + 1

(1 − x2)2

) (
[(1 − x2) − µ2/s][(1 − x1) − µ2/s] − (1 − x3)µ2/s+ µ4/s2)

+ 64[x1 + x2 − 1 + µ2/s](µ2/s+ 1)
(1 − x1)(1 − x2)

= 32
(

1
(1 − x1)2 + 1

(1 − x2)2

) (
(1 − x2)(1 − x1) − µ2/s

)
+ 64[x1 + x2 − 1 + µ2/s](µ2/s+ 1)

(1 − x1)(1 − x2) .

(59)
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Thus, we can redefine F to be F/32, and then

1
4

∑
|M|2 =

32e4g2Q2
f

s
F (x1, x2, µ

2/s) (60)

with

F (x1, x2, µ
2/s) =

(
1

(1 − x1)2 + 1
(1 − x2)2

) (
(1 − x2)(1 − x1) − µ2/s

)
+ 2[x1 + x2 − 1 + µ2/s](µ2/s+ 1)

(1 − x1)(1 − x2) . (61)

Now integrating over the region we defined in part (b):∫ 1−µ2/s

0
dx1

∫ 1− µ2
s(1−x1)

1−x1−µ2/s

dx2F (x1, x2, µ
2/s) = 5 + 3 ln(α) + ln2(α) − π2

3 + O(α), (62)

where we have used α = µ2/s. Thus, the cross section is given by

σ(e+e− → q̄qg) = 4πα2

3s · 3Qf · αg

2π

[
5 + 3 ln

(
µ2/s

)
+ ln2(µ2/s) − π2

3 + O(µ2/s)
]
. (63)

(e) Now, let us go back and evaluate the integral in part (a), again working in the limit µ2 � q2:

δF1(q2) =
αgQ

2
f

2π

∫ 1

0
dz

∫ 1−z

0
dy

[
ln zµ2

zµ2 − y(1 − y − z)q2 + (y + z)(1 − y)q2

zµ2 − (1 − y − z)yq2

]
. (64)

Note that there are singularities in the region of integration. First, write Q2 = −q2, and integrate for Q2 > 0
(spacelike 4-momentum), which avoids the logarithm having a negative value in it. Thus, integral becomes∫ 1

0
dy

∫ 1−y

0
dz

[
ln zµ2

zµ2 + y(1 − y − z)Q2 − (y + z)(1 − y)Q2

zµ2 + (1 − y − z)yQ2

]

=
∫ 1

0
dy
Q2(−1 + y)

[
(−1 + y)(Q2y + µ2) + y(Q2(1 + y) − 2µ2) ln Q2y

µ2

]
(−Q2y + µ2)2

= 1
12Q4

{
− (21 + 4π2)Q4 + 4(3 + 2π2)Q2µ2 − 4π2µ4

+ 12 ln
(
Q

µ

) [
(3 − 4iπ)Q4 + 2(−1 + 4iπ)Q2µ2 − 4iπµ4 + 2(Q2 − µ2)2 ln

(
Qµ

Q2 − µ2

) ]
+ 12(Q2 − µ2)2 Li2

(
µ2

Q2

) }
.

(65)

This result is analytic. Thus, it can be generalised into the whole complex plane, including Q2 = −q2 − iε.
Since we are concerned with the limit µ2 � q2, let us first take the limit Q2 � µ2, then extend the result
analytically Thus,

δF1(Q2) =
αgQ

2
f

2π

[
−7

4 − π2

3 − 3
2 ln

(
µ2

Q2

)
+ 2iπ ln

(
µ2

Q2

)
− 1

2 ln2
(
µ2

Q2

)
+ O

(
µ2

Q2

)]
. (66)

Now, continue this result analytically to Q2 = −q2 − iε, the logrithm becoems

ln µ2

Q2 → ln µ
2

q2 − iπ. (67)

Thus, the form factor becomes

F1(q2) = Q2
f − αg

4π

[
ln2

(
µ2

q2

)
+ 3 ln

(
µ2

q2

)
+ 7

2 − π2

3 + 2iπ ln
(
µ2

q2

)
+ 3iπ

]
. (68)

Since F1 is the correction of electric charge, we can replace Q2
f in the cross section by it. Thus, we have

σ(e+e− → q̄q) = 4α2π

3s · 3|F1(q2 = s)|

= 4α2π

3s · 3Q2
f

[
1 − αg

2π

(
7
2 − π2

3 + 3 ln
(
µ2

s

)
+ ln2

(
µ2

s

)
+ O

(
µ2

s

))]
.

(69)
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(e) Putting the two cross sections together, one would note that all the infrared divergence term vanishes.
Thus, we have

σ(e+e− → q̄q or q̄qg) = 4α2π

3s · 3Q2
f

(
1 + 3αg

4π

)
. (70)


