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In this question, we will compute one of the most important radiatively corrected cross sections — the
production of strongly interacting particles through e*e™ annihilation.
Let us represent the strong interactions by the simple model:

AH = /d?’xgi/;fﬂ’ﬂlbﬁBm (1)

where B, is a new massless vector particle, the gluon, the label f labels the flavour of the quark (u,d, s, c,,
etc) and i = 1,2, 3 labels the colour. The strong coupling constant g is independent of flavour and colour.
The electromagnetic coupling of quarks depends on the flavour, since @y = % for the v and ¢ quarks and
Qr= —% for the d and s quarks. By analogy to «, let us define
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Throughout the computation, we shall ignore the masses of quarks and electrons, and also average over
the electron and positron polarisations. To control infrared divergence, we shall give the gluon a small,

nonzero mass u, which can be taken to zero only at the end of the calculations.
(a) First, let us compute the cross section at tree level. Consider the diagram,
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Taking the hermitian conjugate of Mg, we find
2
M =L ff u(p1)y"v(p2)0(Pa)yuu(ps). )

One should notice that in the above calculation, we have made the colour implicit. Since we do not measure
the colour of the quarks, we should sum over the colours. Therefore, by averaging over the incoming spins
and summing over the outgoing spins and colours, we have
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In the centre of mass frame, we have
p1=(E,0,0,F), p2=(F0,0,—F), ps=(E Esind,0,Ecosf), psE,—Esind,0,—FE cosb), (6)

which implies
t=—2p13 = —2E%*(1 —cosf), u=—2py=—2FE>*(1+cosb). (7)
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Thus, the differential corss section becomes

do  3¢*Q} (2 5 8 9
diQ = m <4(1 — COSG) -+ Z(l +COS€) )
30[2 2
= 48Qf (14 cos?0).
Then,
3a2Q% 1
olete = qq) =2m 48Qf / d(cos 0)(1 + cos® 0)
-1
40w
=227 502
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Now, let us consider the diagram involving one virtual gluon, which is the diagram

oM =

Guv
2

= (=ie) o(p2)r " ulpr) — 2 (~ieQy) [lps) 6T (po,pa) v(pa)]

_ie)2
= % v(p2)y"ulp1) [ﬂ(Ps) 5Fu(P3,‘p4)U(p4)}-
We shall focus on evaluating @(ps) 0T, (ps, p4) v(pa), which gives

d*k il il —~iGap
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= —igz/ (d4k ﬂ(pg)( f%mhﬂ%‘ )v(p4)

27r)4 k2 +ie) (k2 + ie)((ps — k)% — p? + ie
d*k Kk
= 2 2 1, jad .
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Now, we can simplify this using the Feynman parameters:
! —l/ld dydz6(x +y+2—1) 2 _1/1d dydzo(x +y+ 2z —1) 2
ABC ), “rveRr T s T e A yB 1 20 ), e Ty T e s

Thus, the denominator of becomes

D = z(k* 4 ie) + y(k? +ie) + z((ps — k)? — p? + ie)

=k +yq® — 2k - (yq + zps) — 2p° + ie

= (k- (yq+ 2p3))* — (yq + 2p3)* + yq* — zp® +ic

= (k — (yq + 2ps))* — 22yq - ps + y(1 — y)q* — zp° + ie

= (k- (yq+ 2p3))* + zy(q — p3)* — zyg® + y(1 — y)¢* — zp® + ic
= (k — (yqg + 2p3))> + y(1 — y — 2)¢* — 2 + ic,

where we have used ' = k — q and = + y + z = 1. Now, substitute | = k — yq — zp3, we find

D=1*—A+ie,

(10)

(11)

(12)
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where
A = —zyg® + zu’. (15)

The numerator, N*, now becomes

Ny =a(ps)(d — 1 —yd — 2p)vu(] + yd + 2p,)v(pa)
= a(p3) (1= y)g — Dyu(l +ygd + 2p,)v(pa) (16)
=a(p3)((L—=y)g — DI(=1 = yd — 2py) v + 20 + 294 + 22p3,Jv(pa).

Recall that the integral involving only one [# vanishes:

dir e
/(%)4520. (17)
Also, recall
/ d'l M_/ d'l_39"1? a8)
(2m)t D3 | (2n)t D3

Thus, the above becomes

N, = u(ps)[(—y(1 = y)q® + —22(1 — y)q - ps + 1*)y, — %zgmvm)

Thus, we see that the 1-loop correction is of the form

2
M = iMoE 1(2‘1 ), (20)
Qi
where 1 4 )1 —y)g + 112
) d'l —(y+2)(1—-y)g°+ 35
2y _ 212 2 —
§F1(q°) = 4ig Qf/o dxdydz/ G g dz+y+z—1). (21)

Thus, our job now simplifies to evaluate 6 F;(¢?) and since it describes the modification of electric charge, we
can then simply plug Fy(q?) instead of Q into the cross section, which gives

olete™ — Gg) = 42‘2” 3|y (s))? (22)
with
Fi(¢°) = Q7 + 0F1(¢%) (23)

to first order of ay.
Now, using Pauli-Villars regularization and Wick’s rotation, we have

a Q2 1 A2 1— 2
SF1(¢?) = %/0 drdydz {m (1) + W} S(x+y+z—1). (24)

On the other hand, to maintain the condition F;(0) = ch, we should renormalize §F} (¢?) to be
§Fi(q*) — 6F1(0). (25)

Thus, the integral becomes

« QQ ! Zﬂz (erz)(lfy)qQ
5P (q?) = 221 f/d:cdd In + (z+y+2z—1). 2
1) 27 Jo yaz —xyq? + zp? —zyq? + zp? ( yrz ) (26)
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(b) Before we continue to compute the integral above, let us study the process of e"e™ — gqg. Let ¢ be
the total 4-momentum of the process and ki, ko, k3 be the 4-momentum of the quark, antiquark and the

gluon, respectively.
The Lorentz-invariant phase space integral is given by

Bhy 1 Bky 1 ks 1
dll = (2m)* — — —8%(ky + k2 + k3 — q). 2
/ 3 = (2n) /(2@3 3F; ()5 2, (2n) 2B,° 1 TR ks =) 27)

It is convenient to define x; as
2k; - q

In the centre of mass frame, .
q= (ECMa Oa 07 0)7 k1 = (Ela kz) (29)
Thus,
2F; (30)
T = )
Ecwm
which is the ratio between the particle in the centre of mass frame to the total centre of mass energy.
(i) ) k
Zx, - Z 4, (31)

(ii) Now, we need to show that all the Lorentz scalars involving only the final state momenta can be expressed
in terms of x;. We only need to consider

(k1 + k2)? = (¢ — k3)* = ¢ — ¢®x3 + mg =¢*(1 —x3) + mg. (32)

The same thing applies to other combinations of k;.
(iii) Now, we are ready to evaluate the phase space integral:

/ dlly = (27)° / Chiidks 55 By 4 By — Bow) (33)
= T —
3 (2n)92E\2E2E, 1 T ST M
The integral measure can be written as
Pkidky = kik3dkydkadQ dQ o (34)

with a slight ambiguity of notations (from now on we use k1 = ‘l%’) 4 is the solid angle between El and ¢

and {212 is the solid angle between ]_51 and EQ. The delta function can be written as

0(E1+ Es+ E3— Ecm) =0 <E1 + By +\/ 2 + (k1 + k2)? — ECM>

=0 (\/MQ + k/’% + k% + 2k1kso cos 19 — (ECM —F — E2)> (35)
E; B3 — ki — k3 — p?

= 1) 012 — .
krks (COS 12 k1 ks

Thus, the integral becomes

2(2m)% [*° k2k3 ! Es E? —k} — k3 — 2
Ay = 25 [ Gk dky—22 [ G(cos g 5 (cos 1y —
/ 57 (2n)5 /0 L S ky2Ey /, | dleos 12)k1k2 costhz er kg

1
553 / dkydk (36)

=53 / dF,dE>.

Recall, in the centre of mass frame, we have
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Therefore, the integral simplifies to

q2
/dl_.[g = W/dxld.fQ

Now, let us find the region of integration. The integration variables are bounded by the curves
Ecm = By + Eo +\/p? + (BE1 + E»)?, or Ecm = By + By + /1?2 + (E1 — E»)?
which implies

(1 —a1)(1 —a2) = p?/s
40
$1+$2:1—M2/8. ( )
Thus, the integral is bounded by these two curves. Specifically, z; is bounded by

E2\; — 2Ecym(Ey 4 Es) — 2E1 By = i + 2B, B, N
E%M — ZECM (El + EQ) — 2E1E2 = ,u2 — 2E1E2

2 2

p p
1— 2 (F _

( 551)(8 + 1) .

2
:>xf<1't)x10

(41)
12
—r=1-=

S

2
:>0<x1<1—u—.

S
Then, the boundary of xo can be found with simple algebra:

2

— Kn/s
,’Eg—l—liél
2
1‘221—1'1—M

S

42
2 2 (42)
= l—x——<z2<1—
S

s(1— 1)

(c) Now, let us consider the diagrams contributing to the process ete™ — gqg of the leading order of «
and ay. The two diagrams are

_ _iguu

2 o) i) ulpr k) i) e 2 (e (b))

- 2 o) —iehy ulpn )k (—ie@on I (g u(ka)es (k)
e ngﬁ(pg)*y“u(m)@(kzl) A (k2 + ‘%3) _ (kl + k&)

* v(ke)es, (k
(k2+k3)2+i€,)/u ,yu(k1+k3)2+i5’y U( 2)6a< 3)7

while the minus sign arises from the anticommutation relation between fermions. This can be seen by writing
down the contractions individually.
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Then, summing over the spins, colours and polarisations, we have

42Q 0 v a (%2—’_%) (k1+k) a
1 Z M = 7fTr{p2’7 Py }Tr{kl {’Y mw *Vum’y } ks

(Kz + K3) (K, + Ks)
X {,Yy(kg—i—zkg,)zg—i—isfyﬁ _W(kl—i—lkg)fw%} }(—gag)

s,C,p

3
- 492 f Tr {% P } {W Trlkyy* (Ka + Es) vk (K + K3)7a] (44)
+ Tyt Tl B ks + o)
1 (63
T Uk + ki3)2(ka + k3)2 Tk 7" (K + K3)vukava By + Ks) v
1

T (k1 + k3)2(ka + k3 )2 Trlf v (ky + K3)7 koo (K2 + %3)%}}-

To proceed, let us simplify the calculation by throwing away the correlation between the initial beam axis
and the direction of the final particles. To do that, consider the structure of the matrix element yielded

above; we should have
]' 174
/ng,ZE IM? = L#,,/dngHﬂ , (45)

where L, is the electron trace and H"” is the quark trace. Now, if we integrate over all parameters of the
final state except x; adn 3, the only preferred 4-vector characterising the final state is ¢*. On the other
hand, by Ward-Takahashi, we have (can be checked explicitly)

quH" =0. (46)
nw

Since, after integrating over final-state vectors, [ H*” is only dependent on scalars (x; and z2) and ¢*. Thus,

it must take the form e
[t = (g - (47)
q

where H is a scalar. The minus sign is there to preserve Ward identity. H can be evaluated by contracting
the above with g,,:

1
/ g, H" =30 — H =3 / dTT3,, H". (48)
Thus,
1
Ly / Al HY = L, (g w14 ) / 390 H? = 3 Lung" / g, HP, (49)

where we have used the Ward identity once again.
Using this trick, we have

[y v = - Qf 1i[p,tp] [ st{WTr[%n”(kg+%3)v“kzva(%2+k3)%}

+ m Tre[ky v (Fy + F3) v Ko (Fy 4 K3)val

1

(k1 + k)2(ka + k3)?
1

(k1 4 k3)? (ko + k3)?

(50)

Tr[kl’Ya(kQ + k3)’yy}é2’7a(%1 + %3)71/]

THy (b + s (e + kgm}.

Now, let us compute the traces:

Tk 7" (Ko + K3)7" Kava (Fo + E3) 7] = 4 Te[fy (Ko + K3) Ko (Ko + K3)]
= 16[2]{?1 . (kg + kg)kz . (k’g + k’3) - k12(k2 + k3)2] (51)
= 16(2k13k23 — pk12).
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and, similarly,
Tr[f " Ky + K3)7 " Fova (Ky + E3) ] = 16(2k1skas — p2k1a). (52)

At the limit y — 0, we have
16(2]{13](123 — /,621612) — 882(1 — .Z‘l)(l — 1‘2). (53)

On the other hand, the “cross" traces gives

Tr[%17a(%2 + k3>’)’yk2’)’a(k1 + kS)’VV} + Tr[k1’yu(k1 + kg)'yakz'yz/(h + ks)%c]
= —128k1o(ky + k) - (ko + k3) (54)
= —16[s(1 — x3) + p?](u® + 5).

Under the massless limit, it becomes
—16[s(1 — a3) + 1% (u? + 8) — —165%(1 — x3). (55)

Then (under the massless limit), we find

1 2
/dH3zz|M‘

_ 7649262% (8p12)/dH3{ 32(1 — 1) N 32(1 — z3) N 64(1 — x3) }

452 (1—;132) (1—$1) (1—1’1)(1—3’52)
4.2 (56)
32€9Qf 2(x1 + a2 +23) + 23 + 25 + 2
ng
]. - $1)<1 — xg)
3264 2
_ g Qf /dH3 :Cl + x2 )
s (1 —z1)(1 — z9)
Thus, the differential cross section in the centre of mass frame is given by
do(ete” = qqq) s 1 32649262? 2?2 + a2
dz1dxo 12872 2B 2Es|Uy, — Uy,| s (1 —x1)(1 — 29)
16020, Q> 2 2
_ (Qw)Q(ZM) S ng Ty + x5
12872 2 (1 —29)(1 — z2) (57)
_ 2maPayQf 23 + a3
s (1—x1)(1—x2)
47ra 22 + 23

=5, Qg2 TEED (S

(d) Now, we shall no longer work under the massless limit, but assuming u? < s. The averaged squared
matrix element then takes the form

22
LS P = S e i), (5%)

where

1 1 [s(1 —a2) —p?][s(L —@1) —p?]  55(1—x3) +p°
e

2 —
F(x17$27lu /S) _4< 2(1_1, )2 + 82(1—$2

[s(1— 23) + 12) (i + 5)
(1 — .’171)(1 — .%‘2)

1 1
=52 (ot

+4-16

) (0= am) = 2l =) = 2] = (=i ufs?) (59)

[£1 + 20 — 1+ p?/s](p? /s + 1)

(1—2z1)(1—x2)
_ 1 1 L)) 4 gl e = L /5] s + 1)
B ((1 —x1)? " (1- x2)2> (A=) 1)~ #/5) +64 (1—21)(1 —x9) '

+ 64
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Thus, we can redefine F' to be F//32, and then

32e* g2 Q>
U IMP = TS p ey 7)) (60)
with
1 1 [21 + @2 — 1+ p?/s](p* /s + 1)
F(xq, @, u%/s) = + )1—;10 1—x1) —p?/s)+2 . 61
(ovva115) = (s + ) (- 221 —20) = 2/5) A (61)
Now integrating over the region we defined in part (b):
1—p?/ 1—5(%21) .
/ da:l/ dzoF(z1,22,4°/s) =5 + 3In(a) + In*(a) — % + O(w), (62)
0 1—z1—p?/s
where we have used a = p?/s. Thus, the cross section is given by
+ - _ o’ Qg 2 2/ 2 s 2
oleTe” = qqg) = P -SQJw% 54 3In(p/s) + In®(u?/s) — ?—FO(M /s)| - (63)

(e) Now, let us go back and evaluate the integral in part (a), again working in the limit ;% < ¢?:
1—2 2 _ 2
SFL () = ng/ dz/ { ___ 2=y } (64)
2p® = y(

l—y—2)¢>  zp?—(1—y—2)yq?

Note that there are singularities in the region of integration. First, write Q? = —¢?, and integrate for Q2 > 0
(spacelike 4-momentum), which avoids the logarithm having a negative value in it. Thus, integral becomes

P o (y+2)(1-y)Q?
/0 dy/o dz [m g2 +y(l—y—2)Q2  zp2+(1—y— Z)yQQ}

1 Q*-1+vy) [(—1+y)(Q2y+u )+y(Q2(1+y) —24%)In < }
0 (—Q%y + p?)?

{ — (21 +472)Q* + 4(3 4 272)Q%p? — 4m?pt (65)

1
1204

2
+12(Q2 — p?)? Liy <g2> }

This result is analytic. Thus, it can be generalised into the whole complex plane, including Q? = —¢? — ic.
Since we are concerned with the limit 42 < ¢, let us first take the limit Q% < p?, then extend the result
analytically Thus,

2_0[962? _z_ﬁ_% 2 2 _1 2 2 2 66
0F(Q7) = - 1 3 In Q2 + 2i7 In Q2 5 In Q2 + 0O Q2 . (66)
Now, continue this result analytically to Q? = —¢? — ie, the logrithm becoems
2 2
n%—ﬂnu——m (67)

Thus, the form factor becomes

Fi(g®) = Q3 - [m <Z2)+31n<':2>+;—7;2+2m1n</;2>+3m}. (68)

Since F} is the correction of electric charge, we can replace ch in the cross section by it. Thus, we have

2
+

_ _ v
olete” = qq) = 3|Fi(q® = s)|

3s

4a’m 9 a, (7w u? u? u?

= —" 1-2(-—-— In{ — In?( — — .
o[ (G () () vo(5)

(69)
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(e) Putting the two cross sections together, one would note that all the infrared divergence term vanishes.
Thus, we have

_ _ _ 40w
olete™ — qq or qqg) = T -SQ? (1 + W) . (70)




