Computation for ¢° Theory

Follows Srednicki and Peskin & Schroeder — counter-terms, partition functional, and one-loop
diagrams in ¢3.
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1. Computation for ¢*> Theory

All of the calculation below is based on Srednicki, and Peskin and Schroeder, so nothing here is original at

all.
Here, we will use the metric signature (—, +, 4, +). The Lagrangian of ¢? is given by

1 1 1
L= ) 90" ) — §m2q§2 + §9¢3~ (1.1)
To make the theory satisfying 4
(k| ¢() Q) = e, (Q]d(2)[Q) =0, (1.2)
we make field redefinitions so that the Lagrangian becomes
L= S Z,0,60"0 — L 26 + 5. 2,00° + Y6 = Lo+ L1, (13)
where ) .
Lo = D) WOt o — §m2¢2, (1.4)
and
1 1 9,9 1 3
L= _§(Z¢ - 1)3u¢3”¢ - i(Zm - 1)m ¢ + ngg(b + qu (15)

The partition functional can be written as

7 /D¢(z)6¢fddm(co+J¢+cl) _ o dter(=is /50 (@) /D(b(w)eifddz(cﬁw) _ eifddxﬁl(fié/éj(a:))zo, (1.6)

where
Zo = /D¢(g;)e"fddf<‘°“¢>. (1.7)
Making the field redefinition
X(x) = ¢(x) —iDp(x —y)J(y), (1.8)
where
(0% = m*)Dp(x —y) = 6%z — y). (1.9)

Note that since the above is just a shift of field, the measure is unchanged D¢ = Dx. Then, the integrand of
Zy becomes

exp i [ ata (@)@ - mP)to) + 5 [ ar0De(e - 0)I0))] (1.10)

and hence

Zo = Nexp [—;/ddx/ddyJ(x)Dp(x —y)J(y)] , (1.11)

where N is formally infinite, but since it is not a measurable quantity, it does not boarder us. Now the full
partition functional becomes

. d . ]_
7 — ezfd zLy(—16/6J(x)) exp |:2 /ddI/ddyJ(I)DF(I _ y)J(y):| (112)

up to some irrelevant constant.
Now, we are interested in finding the exact two-point correlation function to one-loop order. That is
62

e i(=9) 5J(x1)5J(x2)W[J]

62

(1 To(@1)o(w2) 19) = (1) 5557

In Z[J] : (1.13)

J=0

where W[J] is the connected diagram generating functional

Z[J] = W, (1.14)
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In practice, one can simply write down the Feynman rules and compute the correlation functions. However,
for our purpose, we shall compute it directly from functional derivatives. We shall first compute Z[J]:

J = [1 +i/d%1 (—iw‘zx)) (A9? — Bm?) (_ZéJd(x)> +} Zo
— -t /dd (_iéjix)) (A2 — Bm?) (— /ddyJ(y)DF(x _ y)> Zo+--- (1.15)

=z § [ ([ ea0pre - 2) 452 - o) ([ vspre ) 70+

where we have focused on the connected two-point term since we will eventually take J = 0 after the
functional derivative. However, one should not forget the other term

(?ff)?gz/ddx/ddy (_i&fé(fﬂ))3 (_if;(y)fzo (1.16)

_ 922/ddx/ddy‘](x)DF(x_y)zJ(y)ZO_|_..,

Now, we can compute the two-point correlation function; that is

2
Dir ~ 12) = (0 T )olaz)19) = 57=Sors ]|
— Dyl — ) + i/dd:vDF(a: — 21)(AD2 — Bm?)Dp(x — x2) (1.17)

- %/ddx/ddpr(xl —2)Dp(z —y)?Drp(y — x2) + O(g?),

where we have been quite sloppy with the overall constant throughout. These are exactly the diagrams one
would expect from Feynman rules

i(AD? — Bm?) 2

x
N
7<
1 €2 Z1 x Y €2

(a) (b)

In momentum space, we have

D(k?) = D(k?) 4+ Dp(E*)ill(k*)Dr(k?) + O(g*), (1.18)
where ) i . '
iTI(k2) = —i(AR? + Bm?) — %/ SR ET ~— G 0" (1.19)

Consider the con exact propagator, where I1(k?) is now to all order of g,

D(k?) = D(k? (k%) Dp (k2 ! : 1.2
() = D) S0 De () = g7~ (1.20)
For the particle to have mass m, we need the exact propagator with residue one at k> = —m?. Therefore, we
require
I(—m?) = II'(-m?) = 0, (1.21)

which helps us fix A and B. Now, we need to compute the integral above.

Now, we shall perform the integral in d dimensions. To do that, we use the Feynman’s formula.
Claim:

n

2i0) 1 L
H ;1 H F(Ozt) (’fl - 1)' /an (Zz szz)Z‘ a;’ (122)

Jj=1
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where . )
z(n—l)!/0 da:1--~/0 dx,L(S(l—in). (1.23)

Proof: Consider

F X (oo}
(?f.) z/ dt; t>i e At (1.24)
Aj 0
Then, we take
11 (i‘j) :H/ dt; i~ e Aiti, (1.25)
i=1 A; i=1"0

We can multiply the right-hand side by

1:/0 ds5(s—zi:ti), (1.26)

which gives

Hll(la) :/ dsé(s—Zti)H/ dt; i e~ At (1.27)
i=1 0 i i=170

Now, making the substitution t; = sx;, we find

H AO‘Z / dsd( s—sZml / dx; s O‘*l e sATi
1 1SS sAim
o Jesome

_ e A VL
_n_l /dF <H1 )(ZA%)Z‘”'

O
We use
! /1d /1d 5(z1 + s — 1) ! /d ! (1.29)
= T X T r9—1l)—F— €T . .
Atdy o o TN T T (@A + 2 Ap)? (A + (1 — 2)A,]?
Therefore, we have
: : /1 dz[(1—2)(I* +m?) + z((k +1)> + m?)]

Prm?k+02+m2 o

1
= / da[l? + 2xkl + m? + zk?] 2 (1.30)

0

—/1 dz[(l+ xk)* + m? + x(1 — z)k*] 2
0

where we have abbreviated m? — ie as m?. Now, we write ¢ = [ + zk and D = m? + x(1 — 2)k?. So that the

integral is now
_7/ d?l i i _7/ / dd 1 (1.31)
)12 +m?2 —ie (k+1)2 +m2 —ie q¢>+ D)?’ ’

Then, we perform the Wick rotation so that ¢° = iq%, qa=49qg, ¢* = ng, and ddq = id%p. Therefore, the

above integral becomes
I(k?) = '/1d / dgp 1 (1.32)
=1 A X (271_)(1 (q2E+D)2’ .

iI(k?) = %21(18) — i(Ak? + Bm?) 4+ O(g"). (1.33)

where
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With a slight abbreviation of notation, we now write the integral measure as d%qp = q%ﬁlqude_l, where

qE is now the length of the vector ¢g.

Claim:
27Td/2

Qa1 = Ty

/ diz e :/de,l/ drri=te . (1.35)
R4 0
) d
(/ dre™® ) =72, (1.36)
R

1 [ I'(d/2
Qd—l 5/ dr ’I"d/271€77“ — Qd—l (2/ ) (137)
0

(1.34)

Proof: Consider the integral

The left-hand side gives

and the right-hand side gives

O
We shall also prove the general identity, that would turn out to be useful in many cases when dealing
with loop corrections.

Claim: ; )
(2m)? (¢34 + D)™ (47T)d/2F(m) (d/2) '
Proof: . , i omtd1
/ dqp 2(qE) _ 2 1 / dqp 1 _ (1.39)
(2m)? (¢ + D)™ T'(d/2) (2m)¢ J, (¢34 + D)™
Making the substitution s = ¢/D + 1, we find
dqu (q%)n Dn+d m—1 _ n+d/2—1
. 1.40
/ (274 (¢ + D)™ (4m)4/20(d/2) / ds 2m T (1.40)
Then, we substitute t = 1/s2, we find
/ddQE (g3)" _ prtd=m /ldttm—n—d/Z—l(t_1)n+d/2—1
(2m) (¢ + D)™ (4m)4/2T(d/2) Jo
Dn+d m p p 141
= —d/2 2—-1 .
e P A2 2 =) (1.41)
_ Drtdem D(m—n—d/2)[(n+d/2)
 (4m)?/2r(d/2) I'(m) '
O
For our case, we have n = 0 and m = 2, and hence
L oT(2-d/2)
I(k%) =i T2 =d/2) f)osiare 1.42
(k%) Z/o dx ()i (1.42)

Now let us focus on the ¢ theory in d = 6, where [g] = 0 and the theory is renormalizable. For general
dimensions, [g] =3 — d/2 = /2. We shall redefine the coupling constant to make it dimension less, that is

g — giic/? (1.43)

Now, we find

/2
2 Le/2-1) 0 cjpyr . oT(=1 +€/2)/ dmji®
G RI(k*) = ig ,u/ dx U)o/ D =g (i) ; dx D o) . (1.44)

Using dimensional regularization, we take ¢ — 0 so that

2
F(71+5/2)N7g+7f1+...7 (1.45)
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and p
A2\ © € 4ri?
<D> ~1+21n(D o (1.46)
Then,
~ 6/2 ~9
4 i 2 ATh
F(—1—|—€/2)< o) ) ~—6+7—1—ln< D >+O(s). (1.47)
Defining
2
_ /2, -9 1.4
p=Vire i, « an)? (1.48)
we find
9119 ) ! 2 m? m?
g pl(k )Nza/o dx D {_5_1—1_111 </~L2> —In <D>+C’)(€) . (1.49)
Now, we evaluate
1 1
/ dxD = / dz(m? + z(1 — 2)k?) = m? + k?/6. (1.50)
0 0

Therefore, we find

I(k?) ~ % |:—(2/6 + 1+ 2In(p/m))(m? + k?/6) + /01 deln(D/mz)} — (AE%* + Bm?) + 0(a?)

1
- %/ dz DIn(D/m?) — [éa(e—kln(u/m) +1/2) +A} k> (151)
0
— [a(e + In(p/m) + 1/2) + Al m? + O(a?).
To further simplify the expression, we shall let A and B to take the form
A= —éa(e+ln(u/m)—|—l/2)+a/m —0(a?), (1.52)
B = —a(e +In(u/m) + 1/2) — akp + O(a?). (1.53)
Then, we find
1
(k%) ~ %/ dz DIn(D/m?) — o (éf@'Akz + KBTTL2> +0(a?). (1.54)
0

Now, we impose the renormalization condition II(—m?) = II'(—=m?) = 0 to fix k4 and xp. To do that, we
note that IT(—k?) must take the form

II(—k?) ~ % /01 dz DIn(D/Dg) + c¢(k* + m?) + O(a?), (1.55)

where ¢ € R and
Do=D|,__ ,=[1—z(1—=)m" (1.56)

Then, we differentiate with respect to k2 to find

' (—k%) ~ %/0 dz [x(1 — 2)In(D/Dg) + Dox(1 — x)] + ¢ + O(a?). (1.57)
Therefore,
(-m?) =0 = c= f%. (1.58)

Finally we obtain the 1-loop correction for the two-point correlation function, which is

1
II(—k?) ~ %/ dx DIn(D/Dg) — %(/f2 +m?) + O(a?). (1.59)
0
We might as well right down the asymptotic value for k4 and kp. That is

1 1
RA = —, HB:ﬂ.

1 (1.60)
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Note that the integral in our final expression is real if D > 0. That is z(1 — 2)k? > —m?, and since
x(1 — ) € [0,1/4) we must have k? > —4m? for real TI(k?). Then, one might be tempting to ask: what
happens if k? < —4m?, and ImI1(k?) # 0? To understand what is happening, let us write the one-loop
correction in Lehmann-Kéllén form,

D(k?) = o /00 d ! = ! . 1.61
(%) /4:2—|—m2—z'e+ 4m?2 Sp(s)k2+s—ie k2 4+ m?2 — ie — TI(k?) (1.61)
Using the identity
1 1

= P> +ind 1.62
R x+z7r (z), (1.62)

we find .
Im(—iD(k?)) = 70(k* + m?) + mp(—k?) = nd(k? + m? — II(k?)), (1.63)

where k? > —4m?. Therefore, for k? > —4m?, p(—k?) = p(s) = 0. However, for k? < —4m?, ITmII(k?) # 0.
Hence, one would find

ImII(—s)
—s+m? + Rell(—s))? + (ImII(—s))?

wp(s) = ( (1.64)

Now, let us compute the vertex correction for the ¢3 theory. In the previous computation we took a
slightly more complicated root by evaluating the path integral straight away. Now, let us go back and write
down the momentum space vertex Feynman rules of the theory:

iZyg. (1.65)

We can define an exact three-point vertex iVs(ky, ko, k3), where kj + ko + k3 = 0. To one-loop correction,
the exact three-point is given by

dl
(2m)

where we have used the fact that Z, = 1+ O(g?). We shall impose the natural renormalization condition,

iVs(ki, ko, k3)/g =iZy + i(i9)2/ Dp(®)Dp((l — k1)*)Dp((l + k2)?) + O(g°), (1.66)

iV3(0,0,0) = 0, (1.67)
to fix the value of Z,. Just like before, we use the Feynman integration formula to get

Dp(®)Dp((l — k1)?)Dp((l + k2)?)
7?:3 1
E / ) T 200~ )P+ ) 2 ) P

1
=i [dF
Z/ ST+ m2 — 2aak1l + 2w3kal + w2k? + 23k2)3 (1.68)
1
=i [ dF
Z/ 3 (I — mak1 + w3ka)? + m2 + xok? + 23k3]3

. 1
—i [ R

where ¢ = [ — xok + x3ks and D = m? + :L’gk% + {L’3]{7%. Then, we have

dil - 2\ T 2y _ ﬂ#
/WDF(Z )Dp((l = k1)*)Dp((1+ k2)?) = /ng/ @i T DF (1.69)

Perform a Wick rotation, we find

71,/ diq 1 B / dqp 1
(2m)d (@2 + D)3 | (2m)4 (¢4 + D)3
_TB-d/2) s
2(4m)d/2 '

(1.70)
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Now, substitute € = 6 — d and redefine the coupling constant just as before. We look for the asymptotic

series of ¢ — 0. That is
W%”f/ggwfiDP%:>(/”(hﬂ>m
~ 2(1977)3(2/5—7+~~) (1+;111<47g12> +>
“stte (7w () )
:g( +1(§)+“),

where we have used ;2 = 4me~7fi? and a = ¢2/(4m)3. Finally, we find the three-point vertex to be

2
iV3(k1,k2,]€3)/g ~ ZZg +Z% <€ +/dF3 111(#2/D) —+ > +O(g5)

By setting Z, = 1+ C, we find
Vg(k:l,kg,k:g)/grvl—l—a[ +In(pu/m) + /dF31n 2/D) + ]+c+0(a2).
Again, we let C' to take the form
C = a2 +nlu/m) + rc| + 0(e?)

which gives
Va(k1, ko, k3)/g ~ 1 — %/ng In(D/m?) — arc + O(a?).
Now, we impose the renormalization condition, V3(0,0,0) = 0, which gives D = m?, and hence
R = 0.

Therefore, our final expression for the three-point vertex to first order in « is given by
V(kl,kg,kg)/gf\/1—*/dF31n(D/m )C+O( )

Now, we have determined all three of the renormalization factor to one-loop order.

(1.71)

(1.72)

(1.73)

(1.74)

(1.75)

(1.76)

(1.77)
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