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1 COMPUTING CORRELATION FUNCTIONS USING GENERATING FUNCTIONALS 1

Question prompts paraphrased from the official Perimeter PSI Online sheet; the equations and notation follow
the source.

1. Computing Correlation Functions Using Generating Functionals

Work in Euclidean signature with the interacting scalar-field action

Slol = Salel + [ atoVie)  Vie) = ot (1)

where Sy[¢] is the free Euclidean action.

a) Introduce a source J(z) and consider the free generating functional

Zo[J] = / Do exp[—ili (So[¢]— / d%.}(x)qs(x)ﬂ. (1.2)

Evaluate this Gaussian functional integral. As a hint, first shift the integration variable by a function
determined by J.

Solution. In the Euclidean picture, we have

Sol] = 500 —m)o. (13)

To evaluate the integral, we make the shift of the integration variable,

3(z) = d() + / dyA(E — 1)) = bs + Ay, (1.4)

where we have used the generalised summation convention and (9% — m?)A(z —y) = 5%z — y).
Since D¢p = D¢, we have

Zo[J] = /Dqéexp [—;L (—;%(82 —m?) oy + ;JzAmny)]

- H [t [atyzawae- y>J<y>] 2Z[0]

b) For an arbitrary polynomial interaction V' (¢), establish the identity
1 4 1 4
exp| — % d*zV(g) + 7 d*z J(z)p(x)

=exp [ili/d“xV(héJix))} exp{;/d‘*m J(x)¢(x)] . (1.6)

Solution.

exp [—;/d‘lx V(g)+ %/d‘lx J(:I:)q/)(sc)]

([t oo (4 [ ateseow)
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c¢) For the interacting theory, define

/D¢ exp [— ( /d4a:J )} (1.8)

Use the preceding result to express Z[J] formally as a functional differential operator acting on Zy[.J].

Solution.  From b), we have

= /D¢exp [—;L/d“xV(h(sj())} exp [—711 <50[</>] — /d4x J(m)qﬁ(m))] : (1.9)

Then, using the same field redefinition in a), we find

Z[J] —exp[}li/d‘le(h(sjzﬂ exp {/dd /ddy J(x —)J(y )] Zo[0], (1.10)

or equivalently,

Z[J] = exp [—;/d%v(héfm)] Zo[J]. (1.11)

d) The two-point Green function may be obtained from

K 822
Z[0] 87 (21)0J (2)

G(x1,12) = (P(x1)¢(72)) = (1.12)

J=0

Compute its perturbative expansion through order g2 in ¢* theory. At each order, list every contribution
without evaluating the position-space integrals, draw its Feynman diagram, and give the correct
symmetry factor.

Solution. Using the results from above, we have

52 1 ) Z0]
_ 2 9 _ = 4 g 0
G(z1,20) = h 515, exp{ h/d xV(h(SI)} exp { h2J Any} L Z0) (1.13)
where Z[0] can be written as
Z[0] = —l/d‘* vl LN Zo[0] (1.14)
= exp 5 x 5 exp 75 e Baydy - 0!0]. .
Expanding the first exponential to order g2, we have
1 [, s lg [ 4
exp[—h/d xV(h(gmﬂ =1- ﬁ—/d < >
(1.15)

0o (2] [ )

At order g%, we simply have Z[0] = Z,[0], and hence

Gioa = —hA1g+---. (1.16)
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At order ¢!, we need to evaluate
s\* 11
5\?* 11
2
11
= (h) ((—hAM + AgyAysJyJ,) exp [—hQJwAway}) (1.17)

11
= <h5w> ((3hAmAway — Agy DDy JyJ. Jy) exp [—h2JxAmny]>

11
= <(3h2AmAm — 6hA Gy Ag . DpyJy ., + ApyNp 2 Dy Ay JyJ . JoJy) €xp {—thmAnyy]> .
From this, we can read out

Z[0] = Zo[0] (1 - %h/dda:Afm +- ) . (1.18)

Diagrammatically, the order-g vacuum contribution is

Z0] _ _
ZO[O]_1+C>O+ ,  S=8 (1.19)

Hence
G12

- [_mu + %hQAu/ddaz AZ_+ gh2 /ddx AgzA1zAsg + O(g?)
(1.20)
X [1 4 gh/ddy A?;y I O(gz)}
= —hA]_Q + ghz/ddl‘ AwwAlwAQw —|— O(gQ)

The disconnected free propagator times the vacuum bubble has cancelled. The surviving diagrams

are
xr2 + 1 Q zo —|—O(gz)’ Sgo = 17 Sgl = 2. (121)

Now, we turn to order g2, where we need to evaluate
s\* /. o\* 11
(52) (15,) o -hzta)
4
5'!1

_ { — 1?1800, (Asalyy +402,) AyrAye T,

G12 = I

11
(3;1%51 6L Ay Ay oy - AMAMAMAMJUJwJZJu> exp [—MJQ:AWJ,J] 1

(1.22)
+ 4874y (3AgeAyy +2A2)) AgyAyr Jy Jr

+ 188y, (Buayy +482,) AuBoy Tudu

1

1
5 JIAway]

+ ht (QAizAfw + T205: Ay A2, + 24A;§y) } exp {_

+ terms containing more than two currents.
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We have discarded terms with more than two currents because they vanish after the two external
derivatives are taken and J is set to zero. From this, we find

Z[0] = Zo[0] |1

I / dia A2, (1.23)

1 1 1
22 d d 2 2 2 4 3
+g°h /d zdly (128AMAW t T Ben By AL + 48Awy) +0(g%)|.

The three order-¢g? vacuum diagrams are

(X)(X)S:IZS = ms:w i @ ’ (24
S=48

As at order g, all vacuum-disconnected terms cancel against the normalization by Z[0]. The
connected result is therefore

G2 = —hAx + th/ddx Alexa:AzQ

1 1
1 3 3

The order-¢g? terms are, in the same order as in the preceding equation,

Tl
XX ¢+ L, Q Q. e am
2 S=4
S=4

S=6

e) Mark the one-particle-irreducible subgraphs in the diagrams obtained in the previous part.

_Q.r
z2
IlmmZ

f) Repeat the preceding two parts for the four-point correlation function, retaining all contributions
through order ¢2.

Solution.

Solution.  Using the results from d), we have
4

1) 1 1) 11

4 4

= XP 7 d*z V| h— xp|—==J A
G1234 h 515253546 |: / an ( 5m>:|e |: 52 T way]

As before, all vacuum-disconnected terms cancel against the normalization by Z[0]. At order ¢°,

Zo[0]
J—o Z[0]°

(1.27)
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we find .
Gy = 12 (A1aAss + A1gAgy + AraAgs).

The remaining disconnected terms are already fixed by the two-point result. For each of
(if|kl) = (12|34), (13|24), (14]23),
we obtain
GiiGri = WA Ay

- %hg /ddw (AszkmszAxl + AklAzmAzxij)
24 d d 1 2 1 1 3
+ g“h d%x d%y Aij ZAk$Al$AzyAyy + iAszzmAmyAyyAyl -+ éAkfﬂAacyAyl
1 , 1 1
—+ Akl ZAmAjgchyAyy + ZAmAacmAxyAyyij + gAwAacyAyJ

1
aF 4AmAgmijAkyAyyAyl} + O(gg).

The connected terms are
G234 — G12G34 — G13G2s — G14Ga3

= —gi3 / A A1z AgrAse Ay
g2
+ 5714 / Py Aol (A“A2yA3yA4y + A2z A1y A3y gy
+ Azp A1y Aoy Ayy + A4xA1yAQyA3y>
= Aiy (AleZxA3yA4y + A1$A3$A29A4y + AMAMA%AM) } - 0(93)~

These corresponds to the diagrams

1 9
0(¢"): 4, 4
3x, S=1
*1 3 Tl ———— T2
O(g") : >< - ()
o T4 3 T4
1x, S=1 6x, S=2

S
Q
N
&
8
w
+
&
|
L w
8
[
+
§
8
V)

9 T4 9 T3 T4
3X7 S=2 4><7 S=2 3)(, S=4
r —mm8m8 I rl — T2 rp —— T2

(1.28)

(1.29)

(1.30)

(1.31)
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g) Define

TGy sy WV W= hles 2L (1.32)

Show that this construction produces connected Feynman diagrams only.

Gece(r1,v2,23,74) = R

Solution.
GCC (1171, x2,23, ﬂ'}4)
04 Z[J]
_ 4
-rtasn (1)
_ a (01020504210)  81822[J)0504 Z1) + 0104 2[J)0284Z1J) + 61352 1)3204 2 ] (1.33)
7 YA J—0
= G1234 - G12G34 - G13G24 - G14G23
= (connected4 — pointdiagrams),
where we have used the fact that there are no tadpole diagrams for ¢* theory.
2. Generating Functional for One-Particle-Irreducible Diagrams
Define the background field in the presence of J by
oWl
o) = Sy = @) (21)
and introduce the effective action through the Legendre transform
Tlel = [ d'a J(a)elz) - W) (2:2)
Recall that the connected generating functional has the expansion
oo 1 n
WIJ] = z;)ﬁ [H/d‘lxk J(xg)| Gee(z1, -y xn), (2.3)
n= k=1
where Goo(21, ..., 2y,) is the fully connected n-point function.
a) Derive the relation
oT'lg]
J(z) = 24
@ = 5o (2.)
Solution. Using chain rules, we have
T[]
dep(x)
(2.5)
6J(y) a, OW 8J(y)
:Jer/ddixf/di = J(z).
D ] P50y ? D = | P50y vty T
b) Consider the Hessian
e (2.6)
dp(z)dep(y) '
Show that its functional inverse is the connected two-point function,
82T -
Geoel(z1, ) = {‘WW] ) Gocel(r1,72) = (¢(21)9(72))conn. - (2.7)
You may use the functional chain rule
6 dp(y) 0
= [d —. 2.8
3~ | 5 5 2
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Solution.
82T 5J(2) ( 52W[J] )1 [ 82T ]1
= = = G 9 = | . 2.9
Fn)0e(s)  dela)  \8I(m)oI () ceton ) = | et .
c) Fourier transform the connected two-point function according to
d'k ~
Gee(21,72) Z/We”“'(“*“)G(k). (2.10)

Starting from its perturbative expansion, show that repeated 1PI self-energy insertions form a geometric

series and hence give
~ 1

A R B VEITO L

(2.11)

where —M?(k) denotes the sum of one-particle-irreducible insertions. The diagrammatic series is

_ o ()
= + 1PI + 1PI + e
O N\

Solution. Note that at tree-level I' = S, and therefore we can write
La(o,2) = Galeg) 4+ Talog) = oA (2.12)
In momentum space, this can be written as
To(k) = Go(k)~! + M2(k) = G(k)~1, (2.13)
where M?(k) is the 1PI self-energy insertion. Using
[ @5 Ta(o )Gecle) = 8@ = 9), Talon) = o A (2.14)
This gives
k) = 325 m21+ M2(k)
o i(MQ(k) )n (2.15)
K2+m? e \k2+m?)
which is exactly the geometric series.
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