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Question prompts paraphrased from the official Perimeter PSI Online sheet; the equations and notation follow
the source.

1. The Kaillén—Lehmann Representation

For a free scalar field, recall the Feynman propagator

DE = (0|T 0) = — [ Lk M 1.1
o= = OT@owIo) =i [ 5 G (11)
It describes propagation of a particle of mass mq. Its pole at k? = —m3 is understood with the usual —ie
prescription. In an interacting theory, replace the free vacuum by the interacting vacuum and define

D" (z —y) = (QAT[¢(x)d(y)]|Q).- (1.2)

The lowest pole of this propagator determines the physical mass. To obtain its nonperturbative spectral
representation, insert a complete set of interacting states between the two fields.

a) Assume Poincaré invariance, with four-momentum operator P* = (H, P) satisfying
[P*,P"] = 0. (1.3)
Determine the action of translations on the field and the interacting vacuum:
e T g(0)ett T =2 e tPT|Q) =2 (1.4)

Solution.  The vacuum should be invariant under Poincaré transformation, namely e=*£% |Q) =
|2). It can also be shown that

e Te(0)e' T = ¢(a). (1.5)

Take the states to be simultaneous energy—momentum eigenstates. Denote a one-particle state of
physical mass m by |k), with Ex = vk? + m?, and use |k, n) for states containing two or more particles,
where n collects the remaining quantum numbers.

b) Write the spectral decomposition of the identity, including the vacuum, one-particle states, and
multiparticle states.

Solution.

1:|Q)(Q|+/( C§B2E k|+Z/ 32E Ik, n) (k,n] . (1.6)

c¢) For 2° > 40, insert that identity on the right-hand side of the interacting propagator and show that

Qo () (y)[2) (1.7)
3 eth-(z—y) )
— [ s S st
3 ezk (x—y) )
=3 [ s o enloI) . 19

Assume that ¢(z)|Q2) has a one-particle contribution.
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Solution.
(Ql(x)d()|Q) = (Qp(0)e’” "= g(0)|02)
>k

= (Qlg(0)e' ™ y>(|ﬂ> <ﬂ|+/m ) (k]
+Z/ 27) 32E |k, ) <k,n|>¢(0)|n> (1.9)

[ &Pk ety ) Bk etk (@) ,
_/(27r)3 TKkW(O)‘QH Jrzn:/ 2n)® W|<k,n\¢(0)|ﬂ>| .

d) Introduce the spectral function

pls) = 3(s —m?) | (k[(0)|2) +Z| (k,nl@(0)|Q)* 6(s — M), M = B — k. (1.10)

Assuming there are no bound states, show that p(s) = 0 for s < 4m? except at s = m?, whereas p(s) is
nonzero for s > 4m?. Use this result to establish, for 20 > ¢/

(Qo(x)o(y)|€2) (1.11)
= [ < s
oo [ G o (12
and, for 20 < ¢,
(Qo(y)o(x)|€2) (1.13)
- a5 %ukw P

Solution. If there are no bound states, then it is obvious that there are no additional poles for
s < 4m?. The result follows trivially.

e) Use the QFT I identity

dAk eik~($—y) 1
/(27T)4 k2 +m?2 — ie (1.15)
A3k eilv(a:fy)
(0 _ 0
=i0(z" —y )/ n)p 2B
d3k e—ik'(x—y)
Oy —2° / - 1.16
A (1.16)
to derive the Kéllén—-Lehmann representation
~ —i |[(k[g(O)| ) [ —i
Dy (k? :Z|<— d —_ 1.17
F( ) k2+m2—ie + i Sp(s)kz_’_s_iev ( )

where D is the Fourier transform of Dp(z).

Solution. This follows trivially from repeating the same contour integral one used to obtain
(1.16).

f) Regard D r(k?) as an analytic function of k2. Locate its lowest pole and explain the physical meaning
of both the pole and its residue.



2 SCHWINGER-DYSON EQUATIONS

Solution.  The lowest pole is at k2 = —m?, which is the physical mass of the one-particle state,

and the residue is the field renormalisation factor Z.

g) The continuum begins at s = 4m? and produces a branch cut. If the theory also contains bound states,
which determine where their contributions would appear in p(s).

Solution. The bound states would still be single poles,m they would appear as d-functions in

the spectral function.

2. Schwinger—Dyson Equations
The Schwinger—Dyson equations state that correlation functions obey the classical equations of motion up to
local contact terms.

a) In the free Euclidean Klein—Gordon theory, use invariance of the path integral under ¢(z) — ¢(z)+€(z).
Starting from

1 6Z[J)
- : 2.1
0@ = 2570 (21)
show that
(=02 +m*)(p(2)p(x)) = hé(z — ). (2.2)
Solution. Consider the integral under an infinitesimal field shifting ¢ — ¢ + €
/D¢F[¢]e‘5[¢1/h = /D¢F[¢+e]e—5[¢+4/’i. (2.3)
Then, we have
_ i 105 ) —s[¢l/n
o= [0 (#ta+ ) (1- 535¢) -] 0

() ).
for all e. Therefore, we find
h<HW§:<ﬂ@“Ww. (25)

For our case, we take

— [ @560 + m¥)o(2), Flo] = o) (2.6)
which gives
(—02 + m2)((2)$(x)) = hd(z — ). (2.7)
b) Add the interaction
Slo) = Salel + 2 [ d'y6"(w) (28)
and show that \
(=02 + ) 6(:)0()) = — (2" (o) ) + i ). (2.9
Solution. Now, we have

59l _ (L2 4 m2(e) + —2—6n(a), (2.10)

(n—1)!
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and hence, using the master equation, we find

(=02 + ) (§(:)60) = = { 250" H(E)ola) ) + bz = ), (2.11)

c) Use invariance of the generating functional under ¢ — ¢ + d¢ to prove the general identity

<5;Z) quﬁ(x,,)> =hy 6z — =) <H ¢(x7.)>. (2.12)

r=1 j r=1
r#j

What changes in real time?

Solution. This follows directly from substituting

Flgl =[] é(@r). (2.13)

<5<Z(Sx) 11 ¢(xr)> = zhz 64 (x — x;) <H ¢(:cr)> . (2.14)

d) Show that
<¢1 o ¢n> - /délaj Azl(_ai + m2)<¢z¢2 T ¢n>7 (215)

where ¢; = ¢(z;) and Aj; = Ap(z; — x;).
Solution. Using (—82 +m?)A1; = 61, we obtain the above equation.

e) In the free Euclidean Klein-Gordon theory, combine the preceding result with the Schwinger—Dyson
equations to obtain
<¢1 ce d)4>0 = A13A34 + A13A04 + A14\o3. (2'16)

Solution.

(Pr1P2304)0 = /ddSUAm(—ai +m?){(pzp2d3ba)0

= /dd%Aw1(5w2A34 + 023024 + 074A023) (2.17)
= A12A34 + A13A24 + A14os,
where we will take A = 1 from now on.
f) In Euclidean ¢3 theory, apply the same identities recursively and show that
(P192) (2.18)
=App+ (—9)2/d4x d*y (;AMAgyAyQ + iAﬂAmAyyAw) +0(g%). (2.19)

Does this agree with the result obtained in Tutorial 27
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Solution.

($162) = / 92 A (02 + M) (pacha)
/ ddmm ¢2¢2> + sz)

(2.20)
=Ny — §/ddil?ddyA1xA2y(*3§ +m?)(¢2dy)
=Ajp — g/ddxddyAlmAQy (7%@5@ o 25xy<¢I>) .
Since we are only interested to order g2, we have
(@p0%) = (By03)0 + O(g%) = 243, + Az Ay, + O(g?). (2.21)

Meanwhile, the tadpole diagram is given by
(0) = [ dara(~02 + m?) (o)
— -2 [atn() (222)
— -2 [ @b, + OP).

Then, we have
2 d, . 1d 1 2 1
<¢1¢2> - A12 = (79) d $d yAleZy iAzy aF ZAIIAyy
(2.23)
1
+ (_9)2 /ddxddy §AlmA2mAwyAyy =F O<g4)

g) Optional. For a continuous symmetry of the Lagrangian, prove the Ward-Takahashi identity

Byl (@)plwr) - () = hZ Bl;1)
X 0(x)8* (x — ) P(j41) - Blwn)), (2.24)
where, in the notation of the sheet,
. ) _
J(0) = o9 ~ L), 6= 0 (2.25)

What changes in real time?

Solution.  The classical action has some global symmetry, ¢(z) — ¢(z) + €(x)dp(x), which
corresponds to a Noether current, j,(x). Now, we promote the symmetry to be a local symmetry
d(x) = ¢(x) + e(x)dp(x). Again, we consider the path integral

/D¢F Je=S1/n — /Dqﬁ | + 6F[¢]) (1 - ;55[@) e~ Slel/h, (2.26)

where F[¢] — F[¢] + dF[¢] under the symmetry transformation. Note that §.5,0F are of order e,
and for an infinitesimal transformation, we can ignore terms of order ¢2. Then, we have

WoF (@) = (0S[4IF[¢])- (2.27)
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Recall
08
= dl‘ 0 E\xT X L
- [ g1 + grgyeiot)
= / ddx e(x) [azé)w(x) + a(afg(x))auaqs(x)] + / d%a (‘Xaif(m))éqﬁ(x)aue(x)
= / dz [e(x)a#(sﬁﬂ(xw wqu(x))&b(x)aue(w)] (2.28)
:/ddmau(e(z)éﬁ”(m))+/ddx [ ( qu(x))écb( )6£“(x)] 0,€(x)
:/ddmj“(x)aﬂe(x)
= —/ddxe(x)a JH(x)
and take

Fg] = ¢(z1) -~ ¢(zn) = 0F[9 Zd) z1) - P(@j—1)e(z;)0d(25)p(zj41) - - P(2n)

=3 [ atarta — as)6m) 6 )0 ) 0

(2.29)
Hence, we find the Ward-Takahashi identity
O (1" (@) p(x1) - - - = th $(xj-1)06(2)8* (@ — 25)d(zj41) - - §(n))- (2:30)
In real time, this becomes
0u{i* (2)p(x1) -~ $lan)) = fth $(25-1)0(2)0* (x — 25)P(2j11) - d(xa)).  (231)

h) More optional. Show that contact terms on the right-hand side of the Schwinger—Dyson and
Ward—Takahashi identities do not contribute to iM. In Euclidean momentum conventions, use

(ISl =t (6] +m?) - QT (k1) -+ [2), (232)
with
k)=i / d*z e * (). (2.33)

The scattering amplitude and momentum-space correlator contain the same momentum-conserving
delta function:

(f|S]i) = (2r)46% (Z k) iM, (2.34)
QTG () -+ 19) = (2m)*5* (D k) F(ka): (2.35)

Near the simultaneous poles,
F(ki) = iM + nonsingular terms. (2.36)

(K +m?) -+ (k3 +m?)

Argue that the Fourier transform of a contact term lacks the required multivariable pole and hence
cannot contribute to iM.
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Solution. Consider a contact term
8% (@1 — @2)(p(w3) - - Pxn)), (2.37)
which is Fourier transformed to
(2m) 6% (k1 + k2)(b(ks) - - $(kn))- (2.38)
Its contribution to the LSZ is
) (62 4 m®) (2m) 6%+ K2) (9(K) (k) (239)
Since it contains no poles in ki, kg, it has no contribution to the LSZ reduction formula.

i) More optional. In Lorenz gauge, use the photon LSZ formula
(1181} = et [ dtoe e (-0P) - (T A, (@) -+ 1) (2.40)
together with the Ward—Takahashi identity to derive

By MP =0, M= e, M" (2.41)

Solution. In QED, we have the equation of motion for the gauge fields in the Lorenz gauge
—0%A, = j, = ey, (2.42)
The current corresponds to the global U(1) transformation. The LSZ becomes
(IS = € / dz e~ (Q[Tju(z) - |9) = (205" (Y k) uM,.. (2.43)
Now replacing e* — k*, we have
(om)s (Y0 k) kM = i / (@ e~V QT] () - - 1O
(2.44)
= —i/ddme_ik'x8”<Q|TjM(m)---|Q).

Now, since we have shown that the contact terms do not contribute to S-matrix, and the LHS of
the Ward-Takahashi identity is purely contact terms. Therefore, we can conclude that k, MH = 0.
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