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Question prompts paraphrased from the official Perimeter PSI Online sheet; the equations and notation follow
the source.

1. Grassmann Variables

Let 0, and 6,, with a = 1,..., N, be N conjugate pairs of Grassmann variables, and let A be an N x N
matrix. Begin from the identity

N
/ 1 d0a db exp [— > acAcded] = det(A). (1.1)
a=1 c,d

a) Introduce independent conjugate Grassmann sources 7. and 7., which anticommute with one another
and with every 6, and 6,. Show that

Z[n,n]

N —_
= / I @6a dba exp
a=1

- Z OcAcaba + Z(ﬁcec + 50770)]
c,d ¢

(1.2)
= det(A) exp [Z ﬁc(Al)cdnd] .
c,d
Solution.  We shift the integral measure by
O = 00 — Aty (1.3)

Then, the exponent becomes

_(50 + ﬁbAb_cl)Acd(éd + AJ;%) + ﬁc(éc + A;}na) + (gc + ﬁbAb_cl)nc = _0:cAcd0~d + ﬁcAc_dlnd; (1'4)

which follows

Z[n,n] = det Aexp(ﬁcA;ilnd). (1.5)
b) Use Z[n,n] and the differentiation rules for Grassmann variables to evaluate

[ dbe db.e=%4 6,6,
<9a§b> - - ) <9a0b> . (16)

/ Hdéd dfye A0
d

Solution. Using

_ N
0Z[n,n] _ / [T 6. d6. 0 exp [_ > 0cAcata + > (7cbe + ecnc)] ; (1.7)
a=1 c,d €

OMa
and

_aZ[ﬁ,nl_/N— | g oz
- gdeadaaebexp > 0cAciba+ > (7o + Oene) | - (1.8)

c,d @
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We can write . o2
9ab) = = 710,0] 57.0m
82

_ _ -1
= B0y, Pl )

o _ . _ L
= 9. [ Az exp(ieAzy na)]

_ 4-1
=A_.

Z[n,nl
n=0

n=0 (1.9)

n=0

c) Establish -
<9a9b9c9d> = (Ail)ab(Ail)cd - (Ail)ad(Ail)cby (110)

and explain how the two pairings and their relative sign realize Wick’s theorem for fermions.

Solution. Using the same method, we have
82
OnaOnp
= A Acy — A Ay

<6a§b000_d> = -

Al — AT A npexp(T.AL
[cd MeAcq Acy f exp(7 cd”d)} o (1.11)

In terms of Wick’s theorem, this is

_ = [ T
<9a9b009d> — oa becad +0a0b eced

— I = (1.12)
= 0405 004 — 0204 .65

-1 4-1 1 4-1
- Aab Acd - Aad Acb .

Now take the continuum limit 6, — 1, (), where a = 1,2, 3,4 is a suppressed Dirac index, and replace
Acq by the integral kernel A(z,y). Use

{¢(2), ¥(y)} =0, =o'z —y). (1.13)

d) In the finite-dimensional case, prove

d d d
— = — — 5 = 1.14
{d@a’eb} Oab; {d@a’ dﬁb} 0, ( )

and write the corresponding functional relations for the Grassmann fields ¢ (z).

Solution. p of of
{00} 56 = 0unF ) = o+ 610 = 01 (6) V1) (1.15)
d d d d d d
{datl,cwl)}zcwac%‘f'del)dea:o. (1.16)

e) Complete the continuum Gaussian identity

/’D'(/_)le exp [_ /d4x’ d4xqz(x/)A(x/7$)w(x)
(1.17)
+/d4:c (b(@)n(z) + n(@)v() | =
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Solution. = We can read this off directly from the finite version,
Z[i,m] = det A’ (z,2") exp </ ddx/ddx’n(ac)A'_l(x,x’)n(x')) .

f) Determine the two-point correlation function when

A=ivy-9—m.
Solution. . o(o—sl)
. dik —eik (=2
_ g1 _
W) = 4w = [ G
2. Gross—Neveu Model
Consider the two-dimensional Gross—Neveu model
- g* - 2
Lon = Yaid® + ﬁ(¢a¢ )7
where a = 1,..., N is a colour index and each suppressed Dirac index has two values.
a) Find the mass dimension of g.
Solution. [g] = 0.
b) Choose
40 = o2, = iot, 4B = 041 = 3,

(1.18)

(1.19)

(1.20)

(2.1)

(2.2)

Show that Lgy is invariant under v, — v°1),, and explain why this symmetry excludes a fermion mass

term.

Solution. Under the transformation
P = IOy = Pty
This can be checked using explicit matrix multiplication. Meanwhile,
P = 9T = 9Ty ) = —pTy® = —¢.
Therefore, the Dirac mass is not allowed, and

(¥9)* — (Y)*.

¢) Show that the model is equivalent to the auxiliary-scalar theory

N

Lw,o = &a(ia - U)W - @U s

where o(x) is a scalar field. Hint: perform the functional integral over o.

(2.6)
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Solution. Integrating over the scalar field, we have

/ Do exp (— / d?a1p, (id — o) — %02)
— exp (— / d%zz?aiaw> / Do exp <— / *a (%o + V%(zzaz/ﬂ)f + %(%WV) (2.7)

= const X exp <—/d2xCGN) .

d) Instead perform the functional integral over ¢ and show that the model becomes the scalar-field theory

N .
Lo=— 27 o? + Ntrlog(ig — o). (2.8)

Solution. Integrating over the fermion fields, we have

/ DDy exp (— / Py (i - o)p® - ﬁaz)

292

= exp (—/d% — %02) (/ DYDY exp (—/d%w(za — o)zb))N
- <_ / & — %202) el @)

N .
= exp (—/de = @02 + N trlog (i — a)) )
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