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Sketch the potential
2

U(z) = f% sech? . (1)

Show that the time-independent Schrédinger equation for a particle in this potential can be written

Atdx=(E+1)x. (2)
where & = 2mE /h? and
A d ~ d
= — T 2
A o + tanh z, A T + tanhz . (3)
Show, by integrating by parts, that for any normalised wavefunction y;,
[ xcdtias = [ (i de, )

and deduce that the eigenvalues of AT A are non-negative. Hence show that the ground state (with lowest
energy) has £ > —1. Show that a wavefunction xo(x) is an energy eigenstate with & = —1 iff

d
%—I—tanhx)(o:(). (5)

Find and sketch xo(z).
Solution

Figure 1. The sech-squared potential (1), a reflectionless well of depth A%/m centred at x = 0, decaying rapidly as
T — £o0.

The Hamiltonian can be written as

2 d? K2 9
*7%@7isech X (6)
K2 d? 9
—h—Q i—|—tanh3: —i—i—tanhx —h—z (8)
©2m \dzx dz m’
Thus, we have o
ATAxy = (E+1)x. (9)

Rather trivially following from integrating by part, we find
[z atax = [ ds(ay* (av). (10)
justifying that A is indeed the Hermitian conjugate to A. Given an eigenstate of AT A, |a), with eigenvalue

a. We have
(a|ATAla) = alala) = ||Ala)[|* >0 = a >0, (11)
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which implies that £ +1 > 0. For the ground state with energy £ = —1, we have
At Ay =0, (12)
Taking the inner product of the above with yg, we find
(xolATAlx0) = [|Alx0)||> =0 = Alxo) = 0. (13)

Solving the above, we find
N

Xo(z) = coshz’ (14)

where N is a normalisation constant.

Xo(z)

Figure 2. Ground state wavefunction xo(z) = N sech z, peaked at the origin and decaying exponentially as x — +oo.



