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1. Problem 29.1: Higgs production at LEP

The dominant production mechanism for Higgs bosons at LEP was eTe™ — ZH. Calculate the total cross
section for this process at tree-level in the Standard Model. How many 100 GeV Higgs bosons would there
have been when LEP ran at 206 GeV?

Solution. In this question, the relevant sector of the electroweak Lagrangian at tree-level is given by

€

1 - 1 :
L= —ih(D +m2)h +p(id — me)Y + EmzzZ#Z”h + mzﬂ(ﬁﬂ — sin? 0, JMP), (1)
where v = 27 sin 0, JEM = —ifyuw and
_ _ _ _ 1 -
i = PEnT" = $Pry T Puyp = Yy PLT Py = 97, TPy = =7 Pry, (2)

\];vhere we have used [Pr, T3] = 0, T3y = —%z/;L and P? = Pp. Therefore, the ZZh interaction is given
v

h
i e
P "o 0, &)
s zv
The eeZ interaction is given by
AL
= im’yu (- ! _475 + sin? Ow) : (4)
e et

The only diagram we are concerned with at tree-level is

e
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We can read off from the Feynman rules we just wrote down that

e e . emy
M= (Z sin 6., cos 6, ) (Z sin 6, cos? 0y, >

= 1—9° : —iguv vp %
ot (252 s 0 ) )| 225 g0 ) (©)
7

S

iezmw 1

= €. (p3) [17(172)7” <1 ;75 + sin? 9w> u(m)] .

sin? 6, cos3 0, s—mZ

Here the longitudinal part of the internal Z propagator vanishes by current conservation when m, = 0.
Taking the modulus square and summing over the external spins and polarisations, we find

>, IMP
spins/pols.
€2m 2
w
- (sin2 0y, cos?® 9w> (s —m%)? Z (ps)ew (ps) (™)

pols.
(- 2o.)]

2 v
w) p (-
. . 1 1z Z v
(451114 0, — 2sin? 0, + 2) (PY'Ps + piph — p1 - p2g™”). (8)

where we have taken m, = 0. The symmetric part of the trace over spinors is

The antisymmetric part does not contribute when contracted with the polarisation sum, which is given

by

* P3uP3v

> en(ps)en(ps) = =g + 722 : 9)

pols. Z
Putting them together, we find
>, ImP
spins/pols.
_ e2my 2 4sin? 0, — 2sin® 0, + % (10)
~ \sin? 0, cos3 6, (s —m%)?
2pq - . . 2
% <2p1 o+ (p1 P3)2(p2 ps3) _ (p1 p22)103>.
iy U

To compute the cross-section, we need to average over the initial spins, which is to multiply by a factor
of 1/4. In the centre-of-mass frame, we have

k=2

% _ 3 S
b3 =mz, p1-p2 = 3’ 5
(11)
2y

(p1-p3)(p2 - p3s) = (EZ — |p[*cos®6), Ez =+\/Ip|? + m%,
4

where k is the momentum of the incoming electron and positron and p is the momentum of the outgoing
7 and Higgs bosons. Hence,

> MP

spins/pols.

_ e*my ? 5 (4sin* @, — 2sin? 6, + 1)

~ \'sin? 4, cos3 6, (s —m2)?

[s — (mz +mp)?] [s — (mz — my)?]
8sm?

(12)

1+ sin? 4| .

X
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The magnitude of the outgoing three-momentum is
ip| = Vs = (mz + mp)?] [s — (mz — mp)?] (13)
2./s ’
and therefore
lpl _ VIs = (mz + mp)?] [s — (mz — myp)?]
— = : (14)
K| s
It follows that
di
dQ
_ 1 p|1 2
~ 64m2s k|4 Z M|
spins/pols.
_o®miy (4sin? 0, — 2sin® 0y, + 3) \/[s — (mz +mp)?][s — (mz — my)?] (15)
16 sin? 0, cos® 0, (s — m?%)? s
_ 2] [ _ _ %
x 1+ [S (mz + ) ] [Z ) ] SinQQ] .
8smy,
Using [df) = 4m and [ df2 sin? § = 87/3, the total cross section is
alete™ — Zh)
_ ma?miy (4sin? 0, — 2sin® 0y, + 3) \/[s — (mz +mp)?][s — (mz — mp,)?]
4sin* 0, cos® 0, (s — m%)? s (16)
o g4 8= Mzt mn)?] [s — (mz —mn)?] |
12sm?%
For the numerical estimate, we take
Vs = 206 GeV, mp, = 100 GeV, myz = 91.2 GeV, mw = 80.4GeV, (17)
together with
1
) o _ 4+
sin® 6,, = 0.231, a= 1o (18)
Substituting these values into the total cross section gives
o(ete™ = Zh) ~1.09 x 107 GeV 2, (19)
Using
1GeV™2 = 3.894 x 108 pb, (20)
this becomes
o(ete™ — Zh) ~ 0.42pb. (21)
The four LEP experiments collected an integrated luminosity of approximately 536 pb~! at centre-of-mass
energies of 206 GeV or higher. The expected number of produced Higgs bosons is therefore
N = 0 Lin =~ (0.42pb)(536 pb™ 1) ~ 2.3 x 10°. (22)
Thus, approximately
N ~ 230 (23)
100 GeV Higgs bosons would have been produced.

2. Problem 29.2: e"e~ — hadrons
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ete™ — hadrons in the Standard Model.

1. Calculate the rate for the total cross section oiot(e™e™ — hadrons) in the Standard Model at tree-level
including both Z-boson and photon contributions and their interference. The contribution using
photons alone was calculated in Section 26.3.

2. Calculate oy at 1-loop.

3. Plot the total cross section as a function of center-of-mass energy showing separately the photon
contribution, the Z-boson contribution, and their sum. Plot also the sum ignoring interference between
the Z-boson and photon contributions. When can interference be ignored?

Solution. For the ete™ — ~* — hadrons, the relevant sector of the electroweak Lagrangian is
L= Pe(iff — me)te + > hi(idf — mi)y; — epeArpe + € > Qithi iy, (1)

where ¢ denotes the up, down, strange, etc. We can read off the scattering amplitude directly for a
particular pair of quark and anti-quark, which is

iMS, = (i€)* Q[0(p2) " u(pr)) - [ (ps)vuvi (pa)] = iQiMo, @)
where M, is the scattering amplitude of e”e® — p~u™ at tree-level. Note that Quc: = % and

Qd,sp = —3-
The Z boson coupling to a general quark field is given by

iievu TSﬂ —Qisin20, ) = iie,yu (&7° — 4Qi sin26,, — &) (3)
sin @,, cos 8, 2 ! v 4sin 0, cos O, ‘ ’ v
where
-1, i1=wu,c,t
1: — b) b Y 4
¢ {+1, i1=d,s,b. @
Defining
a; = 4|Q;|sin® 0, — 1, (5)

the quark vertex can equivalently be written as
e w5 ‘
Tomf. coso. S (7 +ai). (6)
Therefore, the Z-exchange amplitude is
iMY
—i (7)

. 2
= (4sin€i€cosew> [77(?2)7”(’75 + G)U(Pl)] m [fz‘ﬁ(p3)’)’u(’>’5 + ai)U(sz)] ;

where
a = 4sin?6,, — 1. (8)

The initial-state spin sum is

> [ (7 + a)u(py)] [w(p1)y” (v° + a)v(p2)]

spins

=Tr [l”ﬂ” (7 +a)p, v (v + a)}
= 4(a® + 1) (P + P{Ph — p1 - p2 ™) — 8ia prapase™?”.
Similarly, since £2 = 1, the final-state spin sum is

A(ai + 1) (P3uPav + P3vPay — P3 * Patuw) + 8i; p3apape® . (10)
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Thus,

> IMGP

spins

4
_ e 1
B <4sin0w Cosﬂw) (s —m%)? (11)
x [4(a2 + 1) (p'ps + Piph — p1-p2 ") — 8iap1apzﬁe°‘”ﬁ”}
X |:4(a12 + 1) (p3,up4u +p3up4u — P3 P4 np,l/) + 82@1 p3ap4ﬁ€a,uﬂ :| .

The contraction between a symmetric tensor and an antisymmetric tensor vanishes. Contracting the
two symmetric terms and the two epsilon tensors therefore gives

> MG
spins
64

~ 8sin* 6, cost 0, (s — m%)? (12)

X [((a2 +1)(af + 1) — 4aa;) (p1 - p3)(p2 - p4)

+ ((a + 1)(a? + 1) + daa;) (pr - pa) (02 p3) .

For massless external particles,

t U
p1']93=p2'p4=—§, P1'P4=P2'p3=—§~ (13)

Hence,

> MG
spins
_ et (14)
 32sin? 0, cos? 0, (s — m%)?
x [((a® + 1)(af + 1) — 4aa;)t* + ((a® + 1)(a + 1) + 4aa;)v?] .

For the photon—Z interference term, the required mixed traces are

Tt [p, 79,7 (7° + 0)]
= 4a (p'ps + P{ph — p1 - p2 ™) — diprapape’”, Tr {pg’w%%@ﬂs +F §iai)} (15)
= 4&;a; (p3ppav + P3uPap — D3 P4 Nw)
+ 4i§ip3ap4ﬁ6au,8y~
Therefore,
2Re Z ./\/lfy/\/lZZJr
spins
_ 'Qi&i (16)
sin? 0, cos? 0, s(s — m%)
x [(aa; — 1)t + (aa; + 1)u’] .
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Putting the photon, Z, and interference contributions together and averaging over the initial spins gives

EZ|M1|2

spin
_ Q7

==

t2 2
A )

64

128 sin* 0, cos? 0, (s — m%)2

[((a® + 1)(a? + 1) — 4aa;)t*

+((a® +1)(a? + 1) + 4aa;)u?]
e'Qi&;

n2 2 2
4sin® 6, cos? B, s(s — m3,)

[(aa; — 1)t* + (aa; + 1)u?] .

Then, we sum over all flavours, which can be simplified as summing over the up and down flavour times
three in our massless approximation. That is

1 3 3
70 2 M = 23T MU M (18)
(2 spin Spin
Using
Qu=2, Qu=-2, &=-1, &=1 (19)
u 37 d — 37 u b d — b
and
8 4,
Ay = gsm O, — 1, aqg = gsm 0 — 1, (20)

the required sums are

3 QF

i=u,d

3 Z [(a® +1)(af + 1) — 4aa;]

i=u,d
2
= % sin* 0,, (40sin 6, — 56 sin® 0, + 23),
3 Z [(a® +1)(a? + 1) + 4aa;]
i=u,d " (21)
= (80sin® 6, — 112in° 0,,, + 118sin* ,, — 54sin” 0, +9),

3> Qi&iaa; — 1)
i=u,d
= §silr129 (7 —10sin”6,,)
- 3 w w) o
3 ) Qibilag; +1)

i=u,d

2
=— (40sin* 0,, — 28sin” 0, + 9) .
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Therefore,
1 i
DIPI i
% spins
10e*
— 3?(752 + u?)
ot

: [25in* 6, (40sin* 6, — 565102 6, + 23) 2
24 sin* 0, cos? 0, (s — m%)?

+ (80sin® 6, — 112in° 0,,, + 118sin* 6, — 54sin” 0, + 9) uﬂ

(22)

64

2

4sin” 6, (7 — 10sin? 6,,) t2
6sin” 6, cos? 0, s(s —mz)[ - ( - )

— (40 sin* 0, — 28sin® 6, + 9) uz] .

One should also not forget to sum over all three outgoing colour states, namely 77, gg, and bb, which
gives another factor of 3. Therefore, the spin-averaged squared amplitude, summed over flavours and
colours, is

|M]?

10e*
= 7(t2 + u?)

64

o 1 22
8sin® 6, cos 0,,(s — m3)

[25in* 6., (40sin* 6, — 565in” 0, + 23) ¢*

(23)
+ (80sin® 6y, — 1125in° 6, + 118 sin* 0, — 54sin? 6, +9) u?|
a [45in? 6, (7~ 10sin? ) ¢
2sin? 0, cos? 0y, s(s — m?%) v v
— (40sin* 0,, — 28sin6,,, + 9) uﬂ :
In the centre-of-mass frame, we have
S S
t:—§(1—0059)7 u:—§(1+cosﬁ). (24)
For massless two-body scattering,
do 1
= 2, 2
dcos 32775|M| (25)
Substituting ¢ and u, we obtain
do
dcos 6
5et
= 1 20
327s ( +eos )
e [2 sin 0, (40sin’ 8, — 56 sin” 6, + 23) (1 — cos 6)?
10247 sin? 0, cos? 0, (s — m%)? “ v “ (26)
+ (80 sin® 6, — 112sin° 0, + 118sin* 0,, — 54sin’ 6, + 9) (1 + cos 9)2]
ca {4 sin® 6, (7 — 10sin®6,,) (1 — cos §)?
2567 sin? 0, cos? 0, (s — m%) v v
— (40sin* 0, — 285in% 6, + 9) (1 + cos 9)2]
Using

1
/1(1j:cost9)2d0059:§, (27)
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the total cross section is

Utot(s)
_ 5et
- 127s
+ ¢’s [25in* 6,, (40sin’ 6, — 565in? 0, + 23)
3847 sin® 0, cost 0, (s — m%)2 “ v “ 28)
+ 80sin® 6, — 112sin° 6, + 118sin* §,, — 54 sin? 4, + 9]
a [45in?,, (7 — 10sin%0,,)
967 sin? 0, cos? Oy, (s — m%) v v
~ (40sin* 0, — 28sin2,, +9) |.
Taking
a—ﬁ—i sin? 6, = 0.231 myz = 91.2 GeV (29)
T 4r 1w’ o Z= o ’
and using 1 GeV 2 = 3.894 x 10% pb, this becomes
(s) 4.98 x 103 N 2.93 x 1055 2.33 x 10% b (30)
Otot(S) = = .
ot s (s—8317)2  s—8317 | P

At one-loop order, we consider the leading QCD correction to the inclusive hadronic cross section. This
should not be confused with the complete one-loop electroweak correction to ete™ — hadrons.

The relevant contributions are the virtual-gluon correction to the outgoing quark current and the
real-emission process

+

eTe” — qqg. (31)

The virtual and real contributions are separately infrared divergent, but their divergences cancel in the
inclusive cross section.

Because QCD couples vectorially to the quarks, the same correction applies to the vector and axial-vector
parts of the quark current in the massless limit. It therefore multiplies the photon contribution, the
Z-boson contribution, and their interference in the same way. Using the result of Section 26.3, we obtain

oNLO QcD(S)

o (s 3Cras(s) o2

= | Gtree(s) (1 + ais)) +0(a),

where Cp = 4/3 and oyee contains the photon, Z-boson, and photon—Z interference contributions
calculated in part (a).

This result includes the complete NLO QCD correction in the massless inclusive approximation. It
does not include the full one-loop electroweak correction, which would additionally require electroweak
self-energy, vertex, photon—Z mixing, box, counterterm, and real-photon contributions.
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et e~ - hadrons cross section

Total: y+ Z + interference

. —— y+ Z without interference
— .. Z contribution

1044 It e Photon contribution
)
2
o}
8 10°
= ]
3 ]
(4h]
w)
9]
7]
e
&)

102 ]

101 4

Interference
relative to y + Z [%]
o

25 50 75 100 125 150 175 200
Centre-of-mass energy vs [GeV]

Six massless flavours, N.= 3, a= 1/128, sin?6,, =0.231, m>=91.2GeV, > = 2.4952 GeV, a./m=0.035.

Figure 1. The NLO QCD cross section for eTe™ — hadrons, assuming six massless quark flavours and N, = 3. The
lower panel shows the interference contribution relative to the incoherent sum o, + oz.

The interference can be neglected when s < mzz, where photon exchange dominates, and close to the
Z resonance, where Z exchange dominates. In particular, the interference vanishes at s = m2Z because it

is proportional to s — m%. Away from these regions, it produces a correction of a few percent and should
generally be retained.

3. Problem 29.3: Higgs decays

Higgs decays.
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1. Calculate the rate for H — bb in the Standard Model.

2. Calculate the rate for H — gg in the Standard Model. The dominant contribution to this comes from
a triangle loop diagram involving top quarks.

3. Calculate the rate for H — ~7 in the Standard Model. Include contributions both from top loops and
from loops of W bosons.

4. Plot the branching ratios for H — bb, H — gg, and H — ~~ as a function of Higgs mass.

Solution. Before symmetry breaking, the fermions couple to the Higgs field as
~Y2AQ Hdj, — Y2Q Huly + h.c. (1)

Focusing on the bottom quark, we find
_ HT
_YS% (tL bL) (HO> br + h.c. (2)

Expanding the Higgs around the vacuum as usual, we find the bottom quark couples to the Higgs field
h(z) through

Y v 1 - i 7.5
— L b hbr — Z=brhb, = ——— (Re y)hbb — — (Im y)hby°b, 3
50LhbR — 5 brhbL ﬁ(ey) ﬂ(my)v (3)

where we defined y = YB% and we have assumed y to be complex for generality. Therefore, at tree-level
the scattering amplitude is given by

iMy — f%xRey)[a(pz)v(pg)} + %(Imyna(pm%(pg)]. (4)
Then, we find
> mie=2y [ (Rey)[@(p2)v(ps)] — i(Imy)[u(Pz)’st(Ps)]]
spin/colour spin
| = (Rowlota)ute)] - it latra) o)l )

_ g[(Rey)Q + (1m y)?] T (G, + ) (p, — )
= 6ly|*(p2 - p3 — mi).

In the mass basis, y can be chosen real. To compute the decay rate in the centre-of-mass frame, we use

= el [ M (©)
Using
s=m2, |p|:%\/mi—4m§, pg-pgz@, (7)
we find
3/2
T =9 = 16?:?;i (i, — 4 = 3g?$h (1 } Zﬁ) | )
Using
myp, = 125.20 GeV, my = 4.183 GeV, v = 246.22 GeV, (9)
we obtain

['(H — bb) ~ 4.28 MeV. (10)
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There is no tree-level contribution to H — gg. The lowest-order contribution comes from the quark
triangle diagram

95, (p2)
[ — +  (u — channel). (11)

93 (p3)

For a particular quark flavour ¢, the scattering amplitude is

iMab
o Y\ [ A%
= ( Zﬂ) (lgs) / (27T)d
i(f+myg) i(k —p, +myg) y W —p, +my)
T e vT * 5 12
X k% —m? (k — p2)? _mg'y (k—p1)? —m2 €u(p2)er (ps) (1)
+ (an W, a <> p3, v, b)
2
= TR0 (02)€5 (ps) 8mq [F (01, p2) + E (01, p3)]
where y, = ‘/ivm" =2V\ %‘i, and F/" is defined to include the factor of ¢ below, so that it is real for

the top-quark loop. Since y, o mq and my, me, ms, mq, m, << my, the dominant contribution comes
from the top-quark loop. The complete amplitude is obtained by summing over quark flavours. Now, we
evaluate the loop integral. The trace can be simplified as

i(k+myg) ;ﬂ'(%*}’g +myg) ,,Z(k -, + my)

Tr 0 vy
R—m2 " (—ps)? —m2 ) (k—p1)’ —m2

4imy win 5 v P o
= (k2 — mg)[(k —p2)? — mg][(k —p1)? — mg] [k (k —p2)” + k" (k — p2) k- (k—p2)n (13)
+ (k= p1)” — k" (k—p)" + k- (k—p)n"" + (k — p2)!"(k — p1)” + (k — p1)"(k — p2)”

— (k—p2) - (k= p1)n"” + mﬁn””} :

Let
A=k>—m?

q’

Bz(k—pg)g—m2

q’

C=(k—p)? —mg.

Introducing Feynman parameter,

1 1 1—x 1
9/ 4 d —1—z— 1
ABC /0 x/o Y [zA +yB + 2C)3’ : Y (15)

the denominator becomes

zA+yB+ 2C
=k* — 2k - (yp2 + 2p1) + yps + 2p; — M2 (0:6)

=(k—yp2—2p1)* — A,
where
A =m? —y(1-y)p5 — 2(1 - 2)p} + 2yzp1 - pa. (17)
Shifting the loop momentum, ¢ = k — yps — zp1 = k — P, the numerator becomes
NHY = 40847 — Py 4 APHPY — 2PH(py + p3)” — 2P pl
+ pipy + phpt + (m2 — P2+ 2P - py — p1 - p2) " (18)
S+ A0FPY 4 APHEY — 20M(py + po)” — 20°ph + 20 - (py — P

11
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The loop integral becomes

i (p1, p2)

72/ dx/l v / e N’WK};)' (19)

The terms with an odd number of ¢ in the numerator vanish, and ¢#¢* — %n‘“’ 22, which gives

4
NI — (d - 1) k" + APHP” — 2PH(py + pa)” — 2P"phy

+ pi'vs + phpt + (mg—P2+2P'P2—P1'P2)77W

Then, using dimensional regularisation expanding around d = 4 — ¢, we find
FI (p1, po) = —2 /dx/l M
¢ \PLP2) = 3o @ q 4 m2 — xzm}

1
mj (2 - 23:2) nt

—22(2z — 1)pl'pY + 4y(1 — y)pspy
— (4yz — 2z + 1) pi'py

— (4yz — 2y — 2z + 1)p’2‘p’1’] :

Contracting with the on-shell gluon polarisations, it follows that

€ (p2)e, (p3)pi'PT = €, (p2)e;, (p3)Pi s

= [¢"(p2) - ps] [¢" (ps) - p2), (22)

while all terms proportional to ph vanish. Therefore,

€ (p2)e (ps)F’ (p1,p2)

1—x
1—4zxz
3272 / x/ L -~ m? — xz mh (23)

X [ ; €*(p2) - € (p3) — ( *(p2) - p3) (6*(173) 'P2)]-

The crossed orientation gives the same result after relabelling the Feynman parameters. Adding the two
orientations gives
e, (p2)ey, (p3) [FL (p1,p2) + F{*(p1,p3)]
1

=g |3 €000 = (€ 2) 13) (€ 05) o) o

11—z
1—4z(1 —z —
X/dm/ dy — mz( xy)
0 0 mi; —mix(l —z —y)

Ik dwf = s

Evaluating the integral gives

4m? m (25)
=— {1 + (1 = Qt) arcsin? (h>} .
my my 2my
Thus, the top-loop amplitude becomes
4 2
iME = zytgsmt Fsab 14 (1 20 ) aresin? [ 2
2v/272 m 2my (26)

2
h
* * Nz 2 M, v
x €, (p2)e, (p3) [N — —5p5p5 | -
g

12
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Using
* 1
Z €u<p)61/(p) = Nuv, Zé‘abéab = NC2 —1=28, Tr = 57
a,b

pols.

and ) )
|:77wj - ,rn}glpgpg] |:77;w - Tﬁp3up2u:| = 27
we finally obtain

2.2 4 2 2
2 MiY:g 4m; o Mn
E M| = - e g [1 + (1 — )arcsm (2mt>} .

pols./colours h

Here we have neglected the contributions from the remaining quarks.
Plugging into (6), we find

Agimi 4m? 9 [ Mpn 2
I'H — == 1 1— i
( 99) 16m5m3 + m3 arest 2my ’

of

[T(H — gg) ~ 1.97 x 10~ GeV = 0.197 MeV. |

job is to compute the following diagrams

o
. Y (p2)
[ — " +  (pa,p <> ps,v) = iMj.
t v
7" (p3)
o
W v (p2)
h------ W + (p27,u Hp?n”) = ZMW7
w 7”(133)
w 7“(172)
h _____ @i i Z'M,{/'/[’//’Zl.
W 7”(?3)

The relevant interactions are
Lt —— z’e[F‘“’WjW,j — (0, W,;F — 8VWJ)A”(W‘)” + (0, W, — 8,,WN_)A”(W+)”]
Yt

h
+2-miy WIW, + (A WA W, — QWS (WT)") - i

_ 2 _
hit + EeAlm“t,
where the first three interactions are given by the diagrams

h

WtH w=v

13

(30)

where a factor of 1/2 is added since the outgoing gluon states are identical. This gives a numerical value

(31)

Now we turn to the computation of H — 7. Similarly to the gluon case, there is no tree-level
contribution to the process. The dominant quark-loop contribution comes from the top-quark loop, just
as for the gluon case. On top of that, there is also a contribution from a W-boson loop. Therefore, our

(36)
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,.YA
! " - _ie[ (37)
WHH(p1) p;\ wW—v N (py — p2)™ 4+ 0" (p2 — p3)*
+ 7™ (ps — pl)”] :
WHs ~B
- 2’62[ (38)
W o noHnBY 1 povpPe _ 2,704377;“/].

and the last two are Yukawa and QED interactions. Note that iM] is almost identical to iM;, but now
the colour trace gives N. = 3 and g; — 2e/3. Therefore, we can read off from (26),

2 2
iM] = — §2U€ T {1 + (1 - 47”;) arcsin? (mhﬂ
3272 my 2

. (39)

x e, (p2)e, (p3) {n’“‘” = gpé‘pé} :

i

Although rather tedious, we can also read off the W bosons loop diagram from the Feynman rules (or
one can easily obtain the expression using the power of Al). In unitary gauge, the W-boson propagator

1S
«a

—iP*P(q) 7*q”
DB _ peB = pof _ . 40
w (@) Z—mz,’ (@)=mn w2 (40)
It is useful to define the momentum-dependent part of the YW+ W~ vertex by

1% (g,,8) = n*P(r — ) + 7" (s = )* + (¢ = 1)’ (41)

so that the vertex is —iel'**#(q, r, 5).
The triangle diagram and its crossed photon ordering together give

ZM 63TnVV *( ) *( )/ ddk N/U’(k;p%p:s)
= € €
W Sing, WP | @ | 6= mg )k — p2)” — mi Ik — p1)” — m3 ]
(42)
N NVE(k; ps, p2)
(k2 —m)[(k — p3)* — mipl[(k — p1)? = my] |’
where
NMV(k;p%pl%) = nappaﬂ(k)]-—wﬁ’y(_p% kapZ - k) (43)
X Pyg(k = p2)T"°% (=p3, k — p2, p1 — k) Pop(k — p1).
The quartic yyW W™ bubble diagram must also be included. Define
QU = PP P — oy (44)
so that the quartic vertex is ie2Q**87. Tts contribution is
eSmy dk 0P Pog(k)Q"P° Py, (k — p1)
/ = Z W o (py)e: o o : 45
’LMWA SinHw Gu(p2)€,,(p3)/ (27T)d (k‘2 _ m%,[,)[(k _ p1)2 _ m2 ] ( )
Now, we shall evaluate the two diagrams. Introduce Feynman parameters,
1
DyDy Dy
—2/1dx/1_wd ! . 46
B 0 Y [2Do +yDa + 2D1]*" Dy D3 D, (46)

1 1—x
1
:2 d d o :1— -,
/0 x/o Y1eDo+yDs +2D1P°  ° Y

14
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where ) )
DO = k - mw,

D = (k—p1)? —m¥, Dy = (k — p2)? — m¥,, (47)
Ds = (k — p3)® —my.

For the first and crossed orientations, respectively, make the shifts

{=Fk—yps — 2p1,

(48)
4 =k —yps — zp1.
Using
pL=p2+ps, pi=mi,  p3=p;=0, (49)
both denominators reduce to
Do +yDaz + 2Dy = 02 — A, A=m¥ —zzmi. (50)
Therefore, the two triangle orientations together become
1—x d
d K
ZMW—221m0W " (p2)€s (ps3 / da:/ dy/
(51)
/\/’W(g + yp2 + 2p1; P2, p3) + NV (£ + yps + Zp17p3,p2)
(2 - A)?
For convenience, define the combined numerator
-AN/W(&%ZJ) = NW@ + yp2 + ZP15P2,P3)
(52)
+ NYH (€ + yps + zp1; p3, p2)-
Thus,
1—x d v
d K Hy (g
iMy =2 6’"W*p2 pg/dx/ dy/ N “’). (53)
sin 6, A)3

To ensure convergence we should include the four-point diagram before carrying out the loop integral.
The terms with odd [ in the numerator vanishes and [#[¥ — én““ 12, the I* term in iMyy4 becomes

4
0P — 67(

d(d T 2) (54)
NPT 4 gt + nuonw).
After some long and cumbersome algebra, one would find
0 o 63 * * ng v
iMw +iMwa = ’LWG w(p2)e, (p3) [(p2 - p3)n™” — p3p3) -

11—z
1—2
[2+12mw/ dm/ szxz]
h

The integral can be evaluated, which gives

11—z _ 2
/ dx/ dy ——— 1-202 % [1 + (2 — 4mgv) arcsin’ ( T )] . (56)
m2, — m2xz m m 2mw
w h h h

Finally, we end up with

3

iIMw + ’L'MWA =1

12m2 24m2 2m2
2+ TZW I Tr;W (1 — mXV ) arcsin? <2mh )
h

1672myy sin 0, mj my

x €, (p2)es(p3) [(p2 - p3)n™ — Psp5) .
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To combine the top and W contributions, define
32m? Am? 12m? 24m? 2m?
Fi = n? [14— <1 — m;) arcsin? (m)] Jw = 24 m2W i m2W (1 = m;”) arcsin? ( AL ) .
3my my 2my my my my 2my
(58)
Using y; = v/2my/v and myy = ev/(2sin6,,), the total amplitude is
3
. . € * * v v
My, = ’Lm(]:w - ]'—t)ﬁu(pz)%(m) [(p2 - p3)n™ — ngz] . (59)
Thus, using p2 - p3 = m,% /2, the polarization sum gives
D IMy, P
pols.
S C— T TR e | AT (60)
= 2562, sin® 0, w t) [\P2 - P3)N P3p2] (P2 - P3)Nuv — P3uP2v
eSmi
= Fw — Fp)*.
512m4m3, sin? 0,,, (Fw )
The two photons are identical, so the two-body phase space includes a factor of 1/2!. Therefore,
€6m3 a2m3
T(H = t Fw —F)? = ——(Fw — F)> 61
(H = 77) 1638475m2, sin? o Fw = F)" = e s m Fw = 7 (o)
Using
my = 125.20 GeV,
m = 172.56 GeV, 0
mw — 80.377 GaV, v = 246.22 GeV, (62)
a~! = 137.036,
we find
F,~ 1836, Fy ~8.331, (63)
and hence
[T(H = 77) ~ 916 x 107° GeV = 9.16 keV. (64)

Finally, the three branching ratios are compared in Fig. 2. The denominator is the full Standard Model
Higgs width, rather than only the sum of the three channels calculated above. The broad mass scan
is taken from the LHC Higgs Cross Section Working Group report CERN-2011-002, while the precise
values quoted below at mp = 125.2 GeV use the newer Yellow Report 4 table.

16



4 PROBLEM 29.6: PHASES IN THE PMNS MATRIX 17

Standard Model Higgs branching ratios
Full Standard Model width; logarithmic vertical axis; data for 90 < mj, <1000 GeV

nh=125.2GeV H - bb

Branching ratio

1076 .
] N, R
] ~N e — -
1077-: \' ‘/.—"
] e -
10_8 T T T T T
100 200 400 600 800 1000

Higgs mass mj [GeV]

Source: LHC Higgs Cross Section Working Group, CERN-2011-002, Tables 26-29.

Figure 2. Standard Model branching ratios for H — bb, H — gg, and H — v for 90 < m; < 1000 GeV. The
values are taken from Tables 26—29 of CERN-2011-002 and use the full Standard Model decay width. Above
approximately 500 GeV, the on-shell Higgs treatment used in these tables should be interpreted with care.

At my = 125.2 GeV, the corresponding values are

BR(H — bb) = 0.5792,  BR(H — gg) = 0.08172,  BR(H — ~7) = 0.002270. (65)

4. Problem 29.6: Phases in the PMNS matrix

Show that with general Dirac and Majorana mass matrices, there are three phases in the PMNS matrix,
while if the mass matrix is purely Dirac, there is only one. How many phases are there if the masses are
purely Majorana?

Solution. A general 3 x 3 unitary PMNS matrix contains three mixing angles and six phases. The
three charged-lepton fields can always be rephased, removing three phases. If the neutrinos are Dirac
particles, the three neutrino mass eigenstates can also be rephased. However, one common rephasing of
all charged leptons and neutrinos leaves the PMNS matrix unchanged, so only 3 + 3 — 1 = 5 phases can
be removed, leaving one physical phase. If any Majorana mass is present, the neutrino mass eigenstates
are generically Majorana and cannot be continuously rephased, since the Majorana condition N{ = N; is
preserved only by the discrete transformation N; — +N;. Consequently, only the three charged-lepton
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rephasings are available, leaving 6 — 3 = 3 physical phases. The same reasoning applies to purely
Majorana masses. Thus the PMNS matrix contains one physical phase for purely Dirac neutrinos and
three physical phases for either Dirac-plus-Majorana or purely Majorana neutrinos.

5. Problem 29.7: Neutrino oscillations

Neutrino oscillations.

1. Neutrinos are produced in the Sun predominantly through the reaction p+p+ e~ — d + v.. What
the momentum of the neutrinos produced this way?

2. Consider a two-neutrino flavour system. The mass eigenstates evolve in time as

1)
_ efiElt(COSQ |Ve> +sin 6 ‘Vﬂ>)v
|v2)

— e—’iEzt(_ sin @ |ye> + cos |Vy,>)7

where 6 is the mixing angle. Show that the probability of finding a solar neutrino as an electron

neutrino after a time 7T is given by

P =1 - sin?(26) sin® <(E2_El)T> .

2

3. Take the high-energy limit £ > m, to show that the probability of finding a solar neutrino with ener
E as an electron neutrino at a distance L is given by

2
P =1 — sin?(26) sin® (ML) .

4F

4. How far should you put your detector from a reactor producing ~ 4 MeV neutrinos assuming Am?
7.5 x 107°eV? to see the largest effect?

Solution. Neglecting the thermal kinetic energy of the particles, the four-momentum before reaction
is given by k* = (2my, + m. = s5,0). By four-momentum conservation p,, + pq = k, we have

2

18

is

~ o~ o~
w N
NN NI

(5)

gy

(6)

s—l—m,% —-m
py=mg=(k—p.)? =s+mj —2VsE, = B, :7}d:\/m§+|l)uel2- (7)
¢ S/

Therefore, we find

Ipy.| ~ 1.44 MeV. (8)

The solar neutrino is produced as an electron neutrino. That is, at ¢ = 0,

|v;t =0) = |ve) = cosB|v1) —sinf |vsy) . (9)

Carrying out a standard QM calculation, it is easy to obtain (5).
In the high-energy limit,

2 2Am?2 2AmM?2

B ~ |p| (1—”“) — _AE~ET o : (10)

2|p|2 2|p| 2E

In natural units, T'~ L, and hence, we find the desired equation.

The maxima occur at
_ 2rE

Ln =
Am?2

(2n+1), Lo~ 66 km. (11)
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6. Problem 29.8: Integrating out right-handed neutrinos

Show that when you integrate out the right-handed neutrinos in Eq. (29.63), a dimension-5 operator like

that in Eq. (29.65) results. What is the exact relationship between M;; and M;;?

Solution. The relevant Lagrangian for the right-handed neutrino is
L =iv(§ —ig' Y B)vg — YL Hvh — iM;; (V) vk, (1)
where the hypercharge Y;, vanishes. The equation of motion is given by
—i(8uvg)ot — YH(L H) — 2iMji(vh)Tos = 0. (2)

At low energy compared to M;;, the kinetic term of the right-handed neutrino can be neglected, and we
find

; j 1 vV(TITg j 1. vV(TITg
—iM;j(vh) oy = —§in(LﬂH), M;jvp = _iwzyﬁ (L/H)T, (3)

where we have used M;; = Mj;. Therefore, we find

i o

—iM;;(vR) vk = 1Y My Vi (L H)oo (L H)T, (4)
which gives
AT i var—1ly v
M, = —zYiijlem- (5)

7. Problem 29.9: Chiral rotations and the ¢ angle

Show that when multiple generations are rotated, then the 6 angle shifts by argdet (RTL>.

Solution. For N generations, the chiral rotations are
Ve = R9%R, WL — LYy, (1)
where R, L € U(N). We decompose

U(N) = SU(N) x U(1), (2)
and write o -
R=¢"NR, L=&*NL, (3)
where L B B
R, LeSU(N), detR=detL=1. (4)
Under the SU(N) transformations, the Grassmann measures transform as
[1Pvk — (det B)~' [[ Dy = [[ Do (5)
and ‘ _ ‘ .
[IPvr — (@et )~ [] Dy = [[ Dy (6)

The conjugate-field measures are also invariant. Therefore, the SU(N) parts of R and L do not change

the complete functional measure. Only the U(1) parts can shift the 6 angle.
The remaining U(1) transformations are

YR — " Nopp, P, — eNop. (7)
These can be written as a vector rotation and an axial rotation:

Y - elveleary, 8)
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where i, )
r P =
WESNT TN ®)

The vector rotation leaves the functional measure invariant. An axial rotation by a4 shifts the 6 angle
by —2a 4 for each generation. Since there are N generations,

r—4
A@——2N0¢A——2N<2N>—€—r. (10)
Finally,
det(RTL)
= (det R)* det L
—ir il (]‘1)
=e e
_ ei(@—r).
Therefore,
argdet(RTL) = ¢ —r = A0, (12)
and hence

0 — 0 +argdet(R'L) | (13)

20
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