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1. Antisymmetry of the Generator, Q24.1

Show that θij in eq. (24.4) must be antisymmetric if R is orthogonal.

Solution. Consider an infinitesimal transformation of SO(N),

Rij = δij + θij . (1.1)

By property of SO(N), we have

RijRik = δjk =⇒ (δij + θij)(δik + θik) = δjk + θjk + θkj = δjk =⇒ θjk = −θkj . (1.2)

2. Structure Constants from SO(N) Transformations, Q24.2

By considering the SO(N) transformation R′−1R−1R′R, where R and R′ are independent infinitesimal SO(N)
transformations, prove eq. (24.7).

Solution. Now, we write the θij = −iθa(T a)ij , where a = 1, . . . , N(N − 1)/2 and T a is a set of basis
Hermitian matrices with normalization condition

Tr
(
T aT b

)
= 2δab. (2.1)

Then, we consider
R′−1R−1R′R = (1 + iθ′aT a)(1 + iθbT b)(1 − iθ′cT c)(1 − iθdT d)

= 1 − 2θ′aθbT aT b + 2θ′aθbT bT a + O(θ2).
(2.2)

By the definition of group, the left-hand side is also an infinitesimal transformation

1 − iθ′′cT c = 1 − 2θ′aθbT aT b + 2θ′aθbT bT a + O(θ2), (2.3)

which gives
[T a, T b] = i

θ′′c

θ′aθb
T c = ifabcT c. (2.4)

3. Noether Current and Charge Algebra, Q24.3

• Find the Noether current jaµ for the transformation of eq. (24.6).

• Show that [φi, Qa] = (T a)ijφj , where Qa is the Noether charge.

• Use this result, eq. (24.7), and the Jacobi identity (see problem 2.8) to show that [Qa, Qb] = ifabcQc.

1



4 GENERATORS OF SP(2N), Q24.4 2

Solution. For scalar field theories that is invariant under SO(N) (δL = 0). The infinitesimal
transformation is given by

φi(x) → φ′
i(x) = φi(x) − iθa(T a)ijφj(x). (3.1)

Therefore, the Noether current is given by

jµ = ∂L
∂(∂µφi(x))δφi(x) = iθa∂µφi(x)(T a)ijφj(x). (3.2)

Getting rid of the parameter, we find

jaµ = i∂µφi(x)(T a)ijφj(x). (3.3)

Then, we can defined the conserved charge

Qa =
∫

Σ
dd−1x ja0 = −i(T a)ij

∫
Σ

dd−1x πi(x)φj(x). (3.4)

Using the equal time commutation relation,

[φi(x, t), πj(y, t)] = iδijδd−1(x − y), [φi(x, t), φj(y, t)] = 0, (3.5)

we find
[φi(x, t), Qa] = (T a)ijφj(x, t), (3.6)

where we have used the fact that Qa is conserved, and therefore the same for any t. Similarly

[πi(x, t), Qa] = −(T a)ijπi(x, t). (3.7)

Then, we consider

[Qa, Qb] = i(T a)ij

∫
Σ

dd−1x [πi(x)φj(x), Qb]

= i(T a)ij

∫
Σ

dd−1x
(
πi(x)[φj(x), Qb] + [πi(x), Qb]φj(x)

)
= i(T a)ij

∫
Σ

dd−1x (πi(x)(T b)jkφk(x) − πk(T b)kiφj(x))

= i[T a, T b]ik
∫

Σ
dd−1x πi(x)φk(x) = ifabcQc.

(3.8)

4. Generators of Sp(2N), Q24.4

The elements of the group SO(N) can be defined as N × N matrices R that satisfy

Rii′Rjj′δi′j′ = δij . (4.1)

The elements of the symplectic group Sp(2N) can be defined as 2N × 2N matrices S that satisfy

Sii′Sjj′ηi′j′ = ηij , (4.2)

where the symplectic metric ηij is antisymmetric, ηij = −ηji, and squares to minus the identity: η2 = −I.
One way to write η is

η =
(

0 I
−I 0

)
, (4.3)

where I is the N × N identity matrix. Find the number of generators of Sp(2N).

Solution. We shall write down an infinitesimal transformation of Sp(2N),

Sij = δij − iθa(T a)ij , (4.4)
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so that
(δij − iθa(T a)ij)(δlk − iθa(T a)lk)ηjk = ηil + iθa(T a)lkηik + iθa(T a)ijηjl = ηil. (4.5)

This implies that
(T a)ljηij + (T a)ijηjl = 0, (4.6)

which means that T aη must be symmetric. Therefore, there are N(2N + 1) independent components for
T aη, and hence for T a.
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