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Yucheng (Luca) Jin
Quantum Field Theory



Contents

1 Antisymmetry of the Generator, Q24.1 . . . . . . . . . .. ... o 1
2 Structure Constants from SO(N) Transformations, Q24.2 . . . . . . ... ... ... .... 1
3 Noether Current and Charge Algebra, Q24.3 . . . . . . .. . ... ... ... ... ..... 1
4 Generators of Sp(2N), Q24.4 . . . . . . . e 2

1. Antisymmetry of the Generator, Q24.1

Show that 60;; in eq. (24.4) must be antisymmetric if R is orthogonal.

Solution.  Consider an infinitesimal transformation of SO(N),
Rij = i + 0;;. (1.1)
By property of SO(N), we have
ity = Gy = 1y =k G N0 2 Do) = S A= Gy A= Gy = G = Gy = =y (1.2)
O

2. Structure Constants from SO(N) Transformations, Q24.2

By considering the SO(N) transformation R'~'R~!R'R, where R and R’ are independent infinitesimal SO(N)
transformations, prove eq. (24.7).

Solution.  Now, we write the 0;; = —i0*(T%);;, where a = 1,..., N(N —1)/2 and T* is a set of basis
Hermitian matrices with normalization condition

Tr(TT") = 26°°. (2.1)

Then, we consider

RIRTIR'R = (1+i0°T*)(1 4 i6°T°)(1 — i0’°T°)(1 — i#?T?) 22)
=1 —20"0°TT" + 20"*6°T*T* + O(6?). '
By the definition of group, the left-hand side is also an infinitesimal transformation
1 —i0"°T¢ =1 —20°6°TT" + 20°0°T°T* + O(6?), (2.3)
which gives
a b . 0" c - paberpc
[T’T]:Zg/ang = fe%°Te. (2.4)

3. Noether Current and Charge Algebra, Q24.3

« Find the Noether current j** for the transformation of eq. (24.6).
o Show that [¢;, Q%] = (T%)ij¢;, where Q® is the Noether charge.

o Use this result, eq. (24.7), and the Jacobi identity (see problem 2.8) to show that [Q%, Q%] = i f®*cQ°.
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Solution.  For scalar field theories that is invariant under SO(N) (0L = 0). The infinitesimal
transformation is given by

¢i(z) = ¢5(z) = ¢i(z) —i0(T")s;;(x). (3.1)
Therefore, the Noether current is given by
o oL N nanau ay
gt = m5¢z(x) =1i0°0";(x)(T*)i; (). (3.2)
Getting rid of the parameter, we find
jaﬂ = i@“(bi(x)(T“)ijcﬁj(x). (33)

Then, we can defined the conserved charge

Q= /de_lxjao = —i(Ta)ij/Edd_lxm(x)(ﬁj(x). (3.4)
Using the equal time commutation relation,
[¢2 (Xa t), Uy (y, t)] = Z.(sij(sdil (X - }’), [¢1 (X7 t)a (bj (Ya t)] = Oa (35)
we find
[¢i(xa t)aQa] = (Ta)ij¢j(x7t)a (36)

where we have used the fact that @, is conserved, and therefore the same for any t. Similarly
[ri(x, 1), Q] = —(T")imi(x, 7). (3.7)
Then, we consider
Q@) = i)y [ d o lm(a)s;(0), @'
= i)y [ a7 (rs@)les(), Q) + (o), @15 (a)

(3.8)
=iy [ d e (@) (T e(a) = m(T i @)
= i[TaaTb]ik/ A o i (@) gr(x) = i f**°Q°.
T
4. Generators of Sp(2N), Q24.4
The elements of the group SO(V) can be defined as N x N matrices R that satisfy
Riy Ry birjr = 045 (4.1)
The elements of the symplectic group Sp(2N) can be defined as 2N x 2N matrices S that satisfy
SiirSjjmirgr = Mig, (4.2)
where the symplectic metric n;; is antisymmetric, 7;; = —7;;, and squares to minus the identity: n? = —1I.
One way to write n is
0 I
=5 o). (43)

where [ is the N x N identity matrix. Find the number of generators of Sp(2N).

Solution.  We shall write down an infinitesimal transformation of Sp(2NV),
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so that
(dij — 30 (T")iz) Ok — 10 (T )nsn. = mat + 10 (T*)uxmir + 30 (T)ignji = M- (4.5)

This implies that
(T*)ijnij + (T*)igmjn = 0, (4.6)
which means that 7%n must be symmetric. Therefore, there are N(2N + 1) independent components for
T%n, and hence for T¢.




	Antisymmetry of the Generator, Q24.1
	Structure Constants from SO(N) Transformations, Q24.2
	Noether Current and Charge Algebra, Q24.3
	Generators of Sp(2N), Q24.4

