Renormalization Group for ¢-y Theory —
Srednicki Q28.3

M. Srednicki, Quantum Field Theory, Chapter 28 (Renormalization Group), Problem 28.3.

Yucheng (Luca) Jin
Quantum Field Theory



1 RENORMALIZATION GROUP FOR ¢-x THEORY, SREDNICKI Q28.3 1

1. Renormalization Group for ¢-y Theory, Srednicki Q28.3

Consider the Lagrangian density
L=-12,0'40,0 — 1 Z,m*¢* +Y¢
— 1Z,0"X0,x — $ZuM>X? (1.1)
+ §2991°26° + 3 Znhi 2o’

in d = 6 — ¢ dimensions, where ¢ and x are real scalar fields, and Y is adjusted to make (0|¢(x)|0) = 0.
(Why is no such term needed for x7)

a) Compute the one-loop contributions to each of the Z’s in the MS renormalization scheme.

Solution.  The self-interaction of ¢ theory is already computed in the on-shell renormalisation
scheme. We shall switch to MS renormalisation scheme. Let us first go back to the two-point
correlation function at one-loop level,

My (k%) ~ % [—(2/6 + 1)(m? + k2 /6) +/O da:Dln(D/;f)} — (AK* + Bm®) + O(a). (1.2)

However, we also have a contribution by replacing the internal propagators by ¢ with x, which is
equivalent to replacing the vertices. Therefore, the full propagator in this case is

92 + h2
2(4m)3

Iy (k?) ~ [—(2/e+1)(m2+k2/6)+/0 deln(D/;ﬂ)] — (AK?* + Bm®) + O(a). (1.3)

Now, we let A and B absorb only the UV divergence part of the theory. That is

4R
6(4m)3 ¢

2 2
iy 2 O 84

O(gz)? B =

The story for vertices is more complicated, and we shall postpone that to later.

Let us compute the exact propagator for y fields. Since the H¢(k2) is of order g2, to one loop we
simply have one ¢ and one x propagator connecting two vertices. That is, we simply replace one
of the g by h, and Zy, Z,, by Z,, Zys respectively in (1.3), which gives

gh 1

smpz TOW), E=-

_gh 1
(4m)3 e

= — + O(h?), (1.5)

where D = Z,, — 1, and E = Z); — 1. Note that the factor of 1/6 becomes 1/3 by breaking the
internal line exchange symmetry.
For the three-point ¢ vertex, we had

1 1
Vs(k1, k2, ks)/g ~ 1+ oy L + i/dFB In(y®/D) + .. } +C + 0(a2), (1.6)

where C' = Z,; — 1. However, we could replace the @3 vertices with ¢yy. Therefore, we should have

h3/g {1 1

‘/:g(khkg,kg)/gf\'l*F +2/dF31I1(’UJ2/D)+:|

(i | (1.7)
i 52 4t/ | reou

which gives
02_2Q§P+£ﬁ)+af% "

where we have assumed g ~ h.
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and one with two ¢y vertices and a ¢ vertex. Therefore, we have

where F' = Z, — 1. Hence, we find

1 h? gh
== (g + o) + 0

b) The bare couplings are related to the renormalised ones via

—3/2
g0 = 2,2, gu/?,
ho = 2,221 2y hyel?.
Define

M8

G(g,h,¢) e "= ln(Z;3/2Zg),

"= ln(Z(;lmZ;th).

MS\

H(g,h,e) =

Va(ky, ko, k3)/h ~ 1+ (57:1)3 [iJr;/ngln(,uz/D) +]
2
+ (4};)3 [i+;/dF31n(/L2/D) +] +F +0(g%),

For the three-point vertex, we could also have two types of vertices. One with three ¢xx vertices

(1.9)

(1.10)

(1.11)
(1.12)

(1.13)

(1.14)

By requiring gy and hg to be independent of u, and by assuming that dg/du and dh/dp are finite as

€ — 0, show that
u;l—z = —ésg—&-%g( Tg+hm
u% =—ieh+ %h( % + h%il)
Solution. From (1.12), we have

Ingo=Ing+ glnu+G(g,h,€),

Inhg = Inh + %lnquH(g,h,s).
Since the bare coupling constant is fixed for any values of u, we have

ldg L 06 dn  9G dg
~gdlnpg 2 Ohdlnp g dlnp’

1 dh e OH dh OH dg
== o+ + = :
hdlny 2 Ohdlnp  Og dlnp

dg €

dln,u - _59 + Bg(gmh)7
dh €

dlnu _§h+ﬁh(97h)a

G and H, we find

g 0G4 dg g 0G4 dh €
— (1222 4 ... U I T
0 <+689+ )dlnp+<s(’)g+ dlnu+2g

(1.15)

(1.16)

(1.17)

(1.18)

(1.19)

(1.20)

Since the rate at which the coupling constants change should be finite for € — 0, we should have

(1.21)

(1.22)

where /3 functions can be fixed by matching higher order terms in 1/e. Rearranging and expanding

(1.23)
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Matching the O(e°) terms, we find

—*7—*74‘59(9,}0:0' (1.24)

Then, G, for n > 2 are obtained by matching higher order terms, which are fixed by G1. In other
words, we have implicitly required § functions to have no £ dependence. Therefore, the above
equation is exact. Hence, we find

dg _ 1 1 8G1 8G1
Han 369 + 29<9 By thor | (1.25)
and similarly
dh 1 1 aHl aHl
— =—seh+s5h(l9g———+h— ). 1.2

c¢) Use your results from part (a) to compute the beta functions B4(g, h) = lim. 0 pdg/dp and Bp(g, h) =

lim. o s dh/dp. You should find terms of order g3, gh?, and h® in Bg, and terms of order g°h, gh?,
and h3 in SBy.

Solution. By definition of G and H, we have

Gy B g+ h%1 —3/2 g° h3/g\ 1
e*""anl‘We*“') (- r@s)er)] o
and
H, B 2 +h21 -1/ gh 1 -1 h2 gh \ 1
-t [(1—W€+---) (1‘ s<4w>3s+'“) (1‘ (w N (4@3) *) |
(1.28)
Therefore, we have
and "
Hi(g,h,e) = W(f/u— 11h%/12 + gh/6). (1.30)
Therefore, we find
and
Bn(g, k) = (g°h — 12gh* — 7R%). (1.32)

12(47)3

d) Without loss of generality, we can choose g to be positive; h can then be positive or negative, and

the difference is physically significant. (You should understand why this is true.) For what numerical
range(s) of h/g are B, and fj,/h both negative? Why is this an interesting question?

Solution.  Since the bare coupling constant is constant and determined by g and h. Therefore,

by fixing the value of g, we have constrained the value of h.
Solving the equality using Mathematica, we find
1
(—6 + V/47) ~ 0.079634. (1.33)

h _
/g>11

If the above is satisfied, then the theory is asymptotically free. We can use the above to infer the
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range of the bare coupling constant for which the theory is asymptotically free.



	Renormalization Group for - Theory, Srednicki Q28.3

