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1. Integral Curves of Vector Fields, Q1

Draw the integral curves corresponding to a vector field in R? with components, in Cartesian coordinates,
given by

° X“:(y7 —IL’)
° XM:(x_y7m+y)

[Hint: you might find life easier in polar coordinates.]

Solution. Recall that a vector field can be defined as the tangent to the streamlines at each point,
which means
dat(t) &=y,
[
which are solved by the circles on R2.
For the second vector field, we have
{”? 7 (1.2)
y=z+y
This is solved by spirals of the form
1,2 + y2 _ 74262tan_1(y/z) (1 3)
2. Tensors from Linear Maps, Q2
Let H : T,(M) — T (M) be a linear map. Define
H(X,Y) = [HY)](X). (2.1)

Show that this map is linear in both arguments (e.g. H(fX+gY,Z) = fH(X,Z)+gH(Y, Z) for f,g € C* and
X,Y,Z € T,(M)) and hence defines a rank (0,2) tensor. Similarly, show that a linear map T},(M) — T,,(M)
defines a tensor of rank (1,1). What tensor § arises from the identity map?
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Solution.  Proof of linearity:
H(fX +9Y,2) = [H(2)|(fX + gY). (2.2)
Since H(Y) is a covariant vector, we have
H(fX +gY,2) = fIH(Z)|(X) + g[H(D)(Y) = fH(X, Z) + gH(Y, 2). (2.3)
H(X, fY + 9Z) = [H(fY + g2)|(X). (2.4)

By linearity of the linear map H, we have

H(X, fY +9Z) = fIHY))(X) + g[H(Z)|(X) = fH(X,Y) + gH (X, Z). (2.5)
O
Therefore, H defines a multi-linear map,
H:T,(M)xTy(M) =R, (2.6)
which is a rank (0, 2) tensor.
Use he linear map, A
G T,(M) = T,(M), (2.7)
to define A
G(w, X) = w(G(X)), (2.8)

with w € T (M). Now, we shall check the linearity of the G constructed in both entries:

G(fw+gn, X) = fG(w, X) + 9G(n, X) (2.9)
by linearity of covariant vectors, and

Gw, fX+gY)=fGw,X)+9Gw,Y) (2.10)

by linearity of G. Therefore, G is a rank (1,1) tensor

G: Ty (M) x T,(M) —R. (2.11)
The identity map is A
5(X) = X. (2.12)
Therefore, it defines the tensor
0w, X) =w, XH (2.13)
with
(", e,) = o~ (2.14)

3. The Hessian, Q3

Let M be a manifold and f: M — R be a smooth function such that df = 0 at some point p € M. Let z*
be a coordinate chart defined in a neighbourhood of p. Define
0% f

v — .
" oxroxv

(3.1)

By considering the transformation law for components show that F),, defines a rank (0,2) tensor. (This
is called the Hessian of f at p.) Construct also a coordinate-free definition and demonstrate its tensorial
properties.
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Solution.  Under the transformation z# — x#, F),, transforms as

= oz 0 (0x° Of OxP 0x° O>f 0%z Of
i » — e T+ QxP <6:E" 3:EC’) ‘p OTH 0xY OxPdx° » OTHOTY Ox° » (3-2)
Given df |, = 0, the second term vanishes, so
= oz dx°
Fp,y 853“ @ po ) (33)

This is exactly the transformation law of a rank (0, 2) tensor. Therefore, f defines a rank (0, 2) tensor at

D.
We can also write the tensor in a coordinate-free way as

o f oYy” of
= = nyv 2
FO5 %) = X ) = X0y gl i) (3.0
Since df|, = 0, this reduces to
o f
= ryv
F(Xpa}/p) XY 8$”"81’V p) (35)

which is bilinear and symmetric.

4. Transformation of the Metric Determinant, Q4

Let g, be a rank (0,2) tensor. In a basis, one can regard the components g, as elements of an n x n matrix,
so that one may define the determinant g = det(g,,). How does g transform under a change of basis?

Solution. Under a coordinate transformation z# — Z*, we have
oz dx° oz \1?
g = —_— = — . 4.1
9—3 det(aj“ 335,,9,90) [det(a:zﬂ 9 (4.1)

5. Lie Derivatives and Cartan’s Magic Formula, Q5

Use the Leibniz rule to derive the formula for the Lie derivative of a 1-form w, valid in any coordinate basis:

(Lxw), =X"0w, +w,0,X". (5.1)
[Hint: consider (Lxw)(Y) for a vector field Y.] Show that the Lie derivative of a (0,2) tensor g is
(»CXg),uV = Xpapg;w + gypayXp + gpuayXp~ (52)

For a p-form 7, define txn to be the (p — 1)-form that results from contracting a vector field X with the first
index of 1. Show that for a 1-form w,
Lxw=tx(dw) + d(txw). (5.3)

Solution.  Consider
(Lxw)(Y) = Lx (wudz")(Y¥0,) = X7 (0ow )Y + wuLx (dat)(Y"D,), (5.4)
and use the fact that d and £x commute,
Lx(dz*) = dLx (") = dX* = 9, X"dz". (5.5)
Therefore, we find

(Lxw)(Y) = X7 (0owp)YH + wu (0. X*)Y° = (Lxw)y = XY0pwy +w,0,X". (5.6)
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For a rank (0, 2) tensor, the Lie derivative is defined as

Cxo = iy

w (5.7)

where the push-forward is given by

(p:9)(X,Y)| =90 X, 0 'Y) : (5.8)
P e~ 1(p)
and o_; is the flow generated by X € X(M). The flow equation, in a local coordinate, is given by
@li”
Blp) — 22
XH(z) = —-, (5.9)
which is satisfied by
o (t) = 2" (0) + tX*(x) + O(t?) (5.10)

to first order in ¢ (note the slight abuse of notation z# (o) = x*(t)). In a chart, the push-forward is
given by
0z Oz’

(Csv| = 5372790 ; (5.11)
Ml 0zH(p) 927 ()P -1
which gives
((Uft)*g);w = <5Z - taMXU)_l((;:e - tal,Xp)_lg(,p + O(tQ)
P a+(p)
= (87 + 10, X°) (8 + 18, X”) (g + tX Ongu) | + - (5.12)
p
=9gu| + t(Xpapg/w + gupauXp + gpva/tXp) + O(t2)7
p b
where we have used (5.10) to Taylor expand g around p. Therefore, we find
(EXg),ul/ = Xpapgm/ + gupauXp + gpyapo~ (513)
First, consider
1
tx (dw) = in(auwy — Oywy,)dzt A dx”
1 1
= §(aﬂw,, — Oyw,) XHda” — i(auw,, — Oywy) XV da* (5.14)
= X 0w, dr” — XFO,w,dx” .
Then,
d(txw) = d(w, X*) = X*Ow,dz” + w,0, X dz" . (5.15)
Therefore, we find
Lxw = tx(dw) + d(txw). (5.16)

6. Properties of the Exterior Derivative, Q6

Let w be a p-form and n a g-form. Show that the exterior derivative satisfies the properties
e d(dw)=0
o dlwAn)=(dw) An+ (=1)Pw Adn
o d(p*w) = ¢*(dw) where ¢ : M — N for some manifolds M and N
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Solution. 18
( “’“ Sty G A datt A -/\dx"P)

1 0? 6.1
p' 3:::18:3517 dz? Ndx¥ NdzHt A - A dxte (6.1)
=0
by antisymmetry of the wedge product.
1
dwAn)=d (Mw[m...uwmmuq]dz“l Ao Adate AdzPU A - A dx”q>
] (6.2)
= qu' ((6[,40,1[”1...Mp)n,,l...,,q]] + W[ul...upa[ur]ul...yq]]) dz? NdxHt N - A dxe.
Now consider the wedge product
(p+1)
(dw A1) gy g = m(a[[u%wup])%-wq]

o (6.3)

1

pq](a[# B Mp)nm Vql»

which is exactly the first term in (6.2). Similarly, the second term of (6.2) can also be written as w A dn
by permuting p to the left, which gives a factor of (—1)P. Therefore, we find

dwAn) = (dw) An+ (—=1)Pw A dn. (6.4)

The pull-back can be written as 0z# /0z”. By antisymmetry of the exterior derivative, any term involving
d(0z" /0x") must vanish. Therefore, the exterior derivative must pass through the pull-back and act on
the p-form, w. That is

d(p*w) = p*dw. (6.5)

7. Coordinate-Free Definition of the Exterior Derivative, Q7

The exterior derivative of w € AP(M) can be defined as

p+1
dw(le s 7Xp+1) = Z(il)J71X< (X17 . '7Xj7 ce 7X;I7+1))
(7.1)
+Z ]+k '7Xk}7X1a"'7Xj7"'7Xk’7"'7XP+1)
i<k

where a hat denotes omission. In a coordinate basis w = ,%wm-wp dzHt A --- A dxtr, use this definition to
determine the components of dw in the cases p =1 and p = 2.

Solution. For p =1, we have
dw(X,Y) = X(w(Y)) - Y(w(X)) - w([X,Y])
= X1, (w,Y") — Y0, (w,X") — w, (X", YP — Y 9,XP) (7.2)
= (Opwy — Opwy) XHY?,
so the components read (dw),, = O,w, — Opwy, = 20,w,), and
dw = Ouw, dzt A dx”. (7.3)
For p = 2, with w = %wuydx“ N dz¥, we have w(Y,Z) = w,, Y*Z", and

dw(X,Y, Z) = X(w(Y, 2)) = Y (w(X, Z)) + Z(w(X,Y))

—w([X,Y],2) +w([X, Z],Y) — w([Y, Z], X). (7.4)
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Expanding the first piece,
X(w(Y, Z)) = XP(0pw,) Y Z" + wu XP(8,Y M) Z" + w,, XPYH(D,27), (7.5)
and similarly for the other two, while each commutator contributes terms such as
w([X,Y],Z) = wp(X0,YP —Y°9,X")Z". (7.6)

All terms involving derivatives of the vector fields cancel pairwise after relabeling dummy indices and
using antisymmetry of w,,,. What remains is

dw(X,Y, Z) = (Opwus + Opwrp + Ouwpu) XPYHZY, (7.7)
so the components read
(dw) pv = Opwpv + O p + Opwpp = 3wy, (7.8)
which gives
1
dw = 5 Opwyp dzP A dat A dz” . (7.9)

Both cases fit the general pattern (dw)uguy--u, = (P + 1) OppuoWpy-oopsy)-

8. Maurer-Cartan Structure Equations on S3, Q8

A three-sphere can be parameterized by Euler angles (6, ¢,1) where 0 < 0 < 7w, 0 < ¢ < 27, 0 < ¢p < 47.
Define the following 1-forms

o = —sint df + cossin O do,
0% = cos df + sin v sin 0 do,
% = di) + cos 0 do.

Show that do! = 02 A 0 with analogous results for do? and do3.

Solution.
dol = —cosOdip A df — sinepsin 6 dip A de + cos1p cos 8 df A do, (8.1)
and
0% A o3 = (costpdf + sinepsin @ do) A (dip + cos 0 do) (8.2)
= cos df A dy + sin ) sin 0 dé A dip + cos 1 cos 0 df A do, '
which clearly shows
do' = o? N o3, (8.3)
Similarly, one can obtain analogous results for do? and do®.
9. Coordinate-Induced Bases and the Poincaré Lemma, Q9
Let {e,} be a basis of vector fields, with
[euv 61/] = 'Yp;w €p- (91)

The functions ¥*,,, are known as commutator components. For a choice of coordinates {z*}, we often work
with the coordinate induced basis e, = {d,}. Show that, in this case, [e,, e,] = 0.
The purpose of this question is to show the converse: that [e,, e,] = 0 only for a coordinate induced basis.
Consider a general basis {e,} and the dual basis { f#} of one-forms. In general, these can be expanded as
0

ey = eup@ and = fr,dz” (9.2)
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where e,” f”, = ¢/;. Show that

Hence deduce that

€u €Ev Ox° — €y €y 9z V" v (94)
and finally that
8fpa apr 0 v
G S =V fA Y o (9-5)
Use this result, together with the Poincaré lemma, to show that if [e,,e,] = 0 Vu,v then the basis is
coordinate induced.
Solution. For coordinate bases, we clearly have
[a;u av] =0. (96)
Now, consider the commutation relation
[eupapv eugaa] = 'V)\p,ue)\&a& (97)
The left-hand side is
len0p,€,705] = €, (0pe,7) 05 — €, (0se,”)0,. (9.8)
After relabeling, we find
5 0e,* , 0e,
e a:o =7 e ()
Then, consider the expression
o a(eVAfp)\) o 8(eﬂ)\fp)\)
eu 67 — €y 67 (910)
Since e, ” f¥, = 0, the above expression must vanish. Therefore, we must have
_ o 8(6V/\fp)\) Ua(e#«kfp)\)
0=eu 0x° T ox°
de, N de, N aofr afr
Lo 0e) o, Oeu o, AOIPx o AOfx (9.11)
" 1%a dze U 0x° I dze M e
o f‘p>\ o apr
=7 w t ey e,,)‘a — — & euA 977
Therefore, we find
o 20f"x 9fPx
ene 3= —eet o2 = =1 (9.12)
Then, contracting with f, we find
offs  OfF v
Oz - 8.13‘7)\ = _’yp;wfu)\f o- (913)

The Poincaré lemma states that, on M = R", closed implies exact. Multiplying the previous expression
by dz* A dz° and using antisymmetry of the wedge,

oz 0x°

1
> da* A dx® = —57”#,, 0" N 6", (9.14)

where 0 = fP, dx? is the dual basis to e, = €,79,. Now suppose 7*,,, vanish. Then d#” = 0, so 0 is a
closed 1-form. By the Poincaré lemma, on M = R"™ (or any contractible neighbourhood) closed forms
are exact, so there exist functions y” with

07 = dyP. (9.15)
The y” are functionally independent because 6” are linearly independent at every point, so they form
a coordinate system. In these coordinates, 0°(e,) = 6/, becomes 8yp/8yfbe) = 0f, ie. e, = 0/0y*, a
coordinate basis.
Conversely, if e, = 0/0y" for some coordinates y*, then [e,, e,] = [Oyn, Oy] = 0, so ¥, = 0. Therefore
{ey} is (locally) a coordinate basis if and only if v*,, = 0.




	Integral Curves of Vector Fields, Q1
	Tensors from Linear Maps, Q2
	The Hessian, Q3
	Transformation of the Metric Determinant, Q4
	Lie Derivatives and Cartan's Magic Formula, Q5
	Properties of the Exterior Derivative, Q6
	Coordinate-Free Definition of the Exterior Derivative, Q7
	Maurer-Cartan Structure Equations on S3, Q8
	Coordinate-Induced Bases and the Poincaré Lemma, Q9

