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1. Transformation of Connection Components, Q1

Consider a change of basis é, = (A1) ,e,. Show that the components of a connection in the new basis are
related to its components in the old basis by

[P, = AP\(A)7, (AT + e (A7) (1.1)
Show further that the difference of two connections, (I'1)?,,, — (I'2)? ., transforms as a tensor.

Solution. Starting from the definition of a connection,
Ve, 0 =17, e,. (1.2)
After the coordinate transformation, we have

Vé“éy = f‘pl_“,ép = V(Afl)ku,r,))\ (A_l)gyeg
= (A_l)kuvex[(A_l)gvea] (1.3)
= (A", [(ATH7 I awer +ex((A7H)%))es]

Multiplying both side by A, we find

T, = APA(A™N)7, [(ATH 7T +ea (A7H)] (1.4)

2. The Torsion Tensor, Q2

Let V be a connection that is not torsion-free. Let T(X,Y) = VxY — Vy X — [X,Y] where X and Y are
vector fields. Show that this defines a (1,2) tensor field 7. This is called the torsion tensor. Show that, for
any function f,

2V, Vo f =-T°,,V,f. (2.1)

Solution.  The operator maps
T:X(M)x X(M) — X(M), (2.2)
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which is isomorphic to a map
T : AY(M) x (M) x £(M) — C>®(M). (2.3)

Such an isomorphism can be defined as

A

T(w; X,Y) = w(T(X,Y)). (2.4)

Due to linearity of 1-form, the first entry of 7" is already linear. Now, we need to verify linearity of the
other two vector field entries, which is equivalent to check linearity of T'. However, note that both the
covariant derivative and commutators are bilinear. Therefore, T is also bilinear, and hence 7" is trilinear.
That is, 7' is a rank (1,2) tensor.
Now, consider

2V[uvl/]f = Vu(auf) - Vu(aﬂf) = _(Fp/w - pr)apfa (2~5)

where the minus sign comes from taking the covariant derivative of a 1-form. Note that, if we expand
the torsion tensor, we find

T?,, = T(dz";0,,0,) = dz?(V,0, — V, 0y — [04,00]) =17 —T7,. (2.6)

Therefore, we find
OV Vo f = —TuV, f. (2.7)

3. Ricci Identity for a 1-Form, Q3

Let V be a torsion-free connection. Derive the analogue of the Ricci identity for a 1-form w,
2V Vywp = =Ry wo. (3.1)
Solution.
ViV wp
= 0u(V)wp) = T (Vawp) = T (o (Vijwa)
= 0,0, wp — 0 (T1)pwa) = T 0aw, (3.2)
+ P2l oo = T upBlwa + Tl o
A A A A o
= = (0L vpp)wn = (Fun)T1)p = T g p0ujwn + T2 ) T pjawo-

Note that the middle two terms cancel, and recall the definition of The Ricci tensor, we find

2V[uv,,]wp = —Rgpm, We - (33)

4. The Contracted Bianchi Identity, Q4

The Riemann tensor constructed from the Levi-Civita connection obeys the Bianchi identity RF,(,q,) = 0.
Use this fact to derive the contracted Bianchi identity G*,.,, = 0 where G, = R, — %Rg,ﬂ, is the Einstein
tensor.

Solution. Recall
R, =R, and R=g""R,,. (4.1)

Now consider

1 1
gﬂpGul/;p = g#prR)\[L/\V - iguug#pggTvaAa)\T = gupRAMXV;P - igupRAukp;u- (42)

Recall the the Riemann tensor is symmetric under the total exchange of the first two and the last
two indices, and antisymmetric under the individual exchange of the first two and the last two indices.
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Therefore, we have
gupR)\u)\V;p = gﬂpgkgRU,u)\u;p = g/\agupRp)\,uV;a = gkggupRuApu;a = _gukaupl/;)\- (43)
Therefore, we have
1
9"Guvyp = _gupi(R)\w\u;p - R)\Mp;v - R)\HPV;/\)' (4.4)

The Bianchi identity together with the antisymmetric property of the last two indices of the Riemann
tensor, we have
Rémvm - R(S/Mp;l/ - Réuptl;k = 0. (4'5)

Therefore, we find
G, = 0. (4.6)

5. Parallel Transport on the Sphere, Q5

A vector field Y is parallely propagated (with respect to the Levi-Civita connection) along an affinely
parameterized geodesic with tangent vector X in a Riemannian manifold. Show that the magnitudes of the
vectors X, Y and the angle between them are constant along the geodesic.

On the unit sphere a unit vector Y is initially tangent to the line ¢ = 0 at a point on the equator. It is
then moved by parallel propagation first along the equator to the point ¢ = ¢g, from there along the line
¢ = ¢o to the North pole, and then back along the line ¢ = 0 to its original position. By how much has it
changed, and why?

Solution.  The inner product between two vector fields is given by g(X,Y’). Parallel transport means
that VxY =0, and the fact that X is the tangent vector of the affinely parametrized geodesic implies
that VxX = 0. Therefore, we find

d

\% X, Y)=—
x9(X,Y) =g
where we have used Vxg = 0 for Levi-Civita connection.

It simple to visualize such a process, and one would find that Y is rotated by ¢q.
Mathematically, The Levi-Civita connection of a unit sphere is given by

(X,Y) = (Vxg)(X,)Y) +g(VxX,Y)+ ¢g(X,VxY) =0, (5.1)

I%,5 = —sinfcosf, and T?9gs =T%,4 = cotb. (5.2)

We start with the vector Y* = (1,0) at § = /2, ¢ = 0.
Along the equator ¢ : 0 — ¢ at = /2,

dy? dy®

d—d):sinacosewza w:—cotGYg-Ozo = Y/ =(1,0). (5.3)
Then, along the meridian ¢ = ¢g, 6 : 7/2 — 0,
dy’? dy? C
— —gi .0 = - ¢ b 2 B
10 sinfcosfY?-0=0, 70 cotY? — AY g Yy = (1,0), (5.4)

where C' =0 by Y? = 0.
Back along ¢ =0, 6 : 0 — 7/2. However, one should note that, at the pole, the direction of § and ¢ is
rotated together by ¢ clockwise. Therefore, now we start from YQ/“ = (cos ¢p, — sin ¢y).

ay? ay?®
— =sinfcosfY?, —— =—cotfY? — Y%= _O , Y% =Csinf+ D. (5.5)
do sin 0

The Y? term seems to be diverging unless we set C' = 0, which does not match our initial condition at
6 = 0. The key is to pick a orthogonal coordinate at the pole, Y? = Y? and Y =sin Y ?. Note that
the sin 6 factor comes form normalizing the coordinate bases 0y, Jp by |/gss = sin 6.
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This gives C' = — sin ¢g, and therefore D = sin ¢g + cos ¢g. Finally, we end up with the vector
Y{" = (cos ¢o — sin o, —sin ¢y), (5.6)

which is rotated by ¢ from its initial direction, consistent with the holonomy theorem: the rotation
equals the area ¢g enclosed by the path on the unit sphere.

6. The Reissner-Nordstrom Solution, Q6*

The Reissner-Nordstrom solution of the Einstein-Maxwell equations has metric

ds® = —f(r)* dt* + f(r)™* dr® + r*(d6? + sin® 0 dg?) (6.1)
with oM 2 p2
s =1- 25+ 02

and a Maxwell field strength F' = dA, with

A:fgdtchosﬁdgﬁ (6.3)
r

where M, P, () are constants. M can be interpreted as the total mass of this spacetime. Assume that
(t,r,0,¢) is a right-handed coordinate chart. Show that

1 1
— F = d — F=P 6.4
4 Sgo * Q an 47 Sgo ( )

where S2 is a sphere at 7 = oo on a surface of constant . What is the physical interpretation of Q and P?

Solution.
F =dA=(0,A, —0,A,)dz" A\ dz", (6.5)
which gives
_ _Q
Fyi = —Fyp = Sodr Adt, (6.6)
1
Fg¢ = —Fyp = §P sin 0dO A do, (67)

and all of the rest of the component vanish.
Now consider the charge defined as

1 1 1 0
= -~ | P — | Zagrdt=P .
i Js i Jg sin Od¢dl + . /Sgo 2 drdt , (6.8)

which can be interpreted as the magnetic charge of the whole universe. Note that dt = 0 for S2.
Similarly, consider the integral
1 1 Q
_— F = — — —_— P i = .
T i * Tl g [rz d¢db + P sin Hdet} Q, (6.9)

which can be interpreted as the electric charge of the entire universe.

7. Lie Derivatives and Covariant Derivatives, Q7

In Q5 of Example Sheet 1, we showed that

(Lxw), = X" 0wy + w0, X"
(EXg),u,z/ = Xpapgw + g#p&,X” + gp,jauXp.
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Use normal coordinates to argue that one can replace partial derivatives with covariant derivatives to obtain
the basis-independent results

(Lxw), =X"V,yw, +w,V,X"
(‘CXg)uu = VMXV + VVXN,

where V is the Levi-Civita connection.

Solution. In a normal coordinate, we can interchange 9, and V, with no cost. Since we are
considering Levi-Civita connection, we have Vg = 0. Therefore, the two expression becomes

(Lxw), =X"V,w, +w,V, X", (7.1)
(‘CXg)ul/ = VMXV + VVX[,L' (72)

Since, both the left- and the right-hand sides are tensors. The above expressions holds for all coordinates.

8. Independent Components of the Riemann Tensor, Q8

How many independent components does the Riemann tensor (of the Levi-Civita connection) have in two,
three and four dimensions? Show that in two dimensions

1
R;wpo = iR(gupgua - guagup)- (81)

Discuss the implications for general relativity in two spacetime dimensions.

Solution. The first two and the last two indices are antisymmetric, which has %d(d — 1) degrees
of freedom each. The Riemann tensor is also symmetric under the exchange of the first and last two
indices, which gives %d(d + 1) degrees of freedom. Putting them together, we find the total degrees of

freedom to be 111 1
= {Qd(d - 1)] ({Qd(d — 1)] + 1) . (8.2)

Also, recall the Bianchi identity, R*[, 5] = 0, which takes away (Z

> more degrees of freedom (need to

choose four distinct indices). Therefore, we end up having

11 1 ' d*(d-1)>+2d(d—1) d(d—1)(d—2)(d—3)
2 {2d(d 1)] <{2d(d 1)] i 1) S 4ld—4) 8 a 24
_ 3d* — 6d% + 9d% — 6d — d* + 6d° — 11d* + 6d (8.3)
N 24
L d¥(d? 1)
T12

Therefore, for d = 2, there is only 1 degrees of freedom. For d = 3, 6 degrees of freedom, and for d = 4,

20 degrees of freedom.
Since there is only one degrees of freedom for the Riemann tensor in 2-dimension, the only component
of the Riemann tensor should be the Ricci scalar. To satisfy the symmetric property of the Riemann
tensor, we must write

1
R,uupa = iR (gupgya - guagup)~ (84)
The Einstein’s equation simply becomes

0= G,y = 87GT,,, (8.5)

which means that there is no dynamics to the spacetime, and matter cannot interact with spacetime.
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9. The Weyl Tensor, Q9

In a d-dimensional spacetime, define a tensor
Cul/pa = R;J,Vpa + a(Rupgua + Rl/o'gup - Ruagup - Rupgua) + /BR(Q;Lpgua - guagup) (91)

where o and 3 are constants. Show that C,, ., has the same symmetries as R, 0.
What values of a and 3 give C*,,,, = 07 Determine them. With this extra condition Cy,,s is called the

Weyl tensor. Show that it vanishes if d = 2, 3.
Setting d = 4, how many independent components do R, and C},,,, have? Show that in vacuum

YV Clupe = 0. (9.2)

What does the Weyl tensor represent physically?

Solution. It is rather easy to see the the C,,,, is constructed to have the same symmetries as the
Riemann tensor. To determine the value of o and 3, consider the contraction

gquuupa = gHP [Ruupa + Q(R;Lpgua + Ruagup - Ruagup — Rupgua) + ﬁR(gupgua — guagup)}

9.3
= Rua’ + Oé(ngg + de/a’ - Ruo - Rua) + /BR(dguo - gua) = 07 ( )
which implies
1
= d f=— A
a=5—g = F=ThE—y) (94)

By (8.4), we see that the Weyl tensor vanishes for d = 2. For d = 3, there are 6 degrees of freedom to the
Riemann tensor, which is completely captured by the Ricci tensor (symmetric tensor has %3 -(3+1)=6
degrees of freedom). Since the Weyl tensor is defined as the traceless leftover of R, that cannot be
represented by R, and R. For the case of d = 3, the Weyl tensor must vanishes.

In d = 4, the Riemann tensor has 20 degrees of freedom, and the Ricci tensor has %4 -(44+1) =10
degrees of freedom (the on extra degrees of freedom in R is already accounted for in the Ricci tensor).
Therefore, there are 10 degrees of freedom left for the Weyl tensor.

The Riemann tensor vanishes if and only if both the Ricci tensor and the Weyl tensor vanishes. Therefore,
even if in a vacuum, the spacetime can still be curved. So the Weyl tensor measures the part of curvature
that Einstein’s equations alone cannot determine — it requires boundary conditions, encoding the global
structure of spacetime.

10. The Penrose Equation, Q10

Use the Bianchi identity to derive the Penrose equation for a vacuum spacetime

v)\v)\R,ul/pa' = QRN,LLAG'R)\;MV - QRND)\UR/\pK,,U, - RHAGpR/\H;LV' (101)

Solution. Expanding the Bianchi identity, we find
VaRups — VoRuvpx — VpRune = 0. (10.2)

Applying the vacuum condition V)‘Rm,p)\ = 0 (which follows from the contracted Bianchi identity and
R, = 0), we commute derivatives on each term,

VAW,oRuse = VN Vol Ruse,  VVoRupn = [V, Vo Ruvpn. (10.3)
Applying the Ricci identity to the (0,4) tensor R, o and contracting,
[V} Vo Ruwre = =R, s Ruvne — B0 pRpsre — RE6™ p Ry, (10.4)
where the Ricci tensor term R ap = —R", = 0 vanishes in vacuum. Similarly,

[VA7 Vo Ruvpr = _RHuAaRHWJA - RKV}\URIMP)\ - RKP)\URHV”/\' (10.5)
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Adding both contributions and relabelling dummy indices using the symmetries of the Riemann tensor,

the terms involving R", combine and we find

VAV)\R[,LVPO' = 2Rnu)\aR>\pmV - 2RKV/\O'R>\pI€M - RH}\UpRAR;uw

11. Geodesics and Curvature from Vierbeins, Q11

Consider metrics of the form
ds* = —f(r)? dt* + f(r) "2 dr* +r*(d6” + sin® 0 d¢?) .

(10.6)

(11.1)

Use the action for a test particle to write down the geodesic equations in this metric, and hence extract the

Christoffel symbols in coordinates (¢,7,6, ¢).

Use a basis of vierbeins to determine the curvature 2-form, and hence the components of the Riemann

tensor in coordinates (¢,7,0, ¢).

Solution. Consider the action
S = /dT [—f(r)? + f(r)7 %% + 12 (92 + sin? 9(&2)] ,

which gives the following equations of motion

d .
E (f(T‘)zt) = 07

L (£)7%) =~ i - L)

f@r)?

72 4+ 6% + rsin® 0 ¢2,

—(r20) = sin 0 cos 0 r2¢ ,
p 29 0 0 2(;52
T

d .
E(TQ sin? 0¢) = 0.
Recall the form of the affinely parametrized geodesic equation,
APzt dx¥ dx”

¥, ———
dr? Pdr dr

The first equation of motion gives

/
fAA+2ffit=0 = Iy =T, = f7
Similarly, we find
Frtt — f,fB,
!
Frrr 7f77
f
g9 = —f?r,

from the second equation of motion. Then,

1
Fer@ = Fe@r =
T

1"9¢¢ = —sinfcos

from the third equation of motion. Finally,

(11.2)

(11.3)
(11.4)
(11.5)

(11.6)
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Now, we have obtained the Levi-Civita connection with all of the unmentioned component vanishing.
The vielbeins are defined as

9(€asép) = guveater” = Nap. (11.17)
In this case, we have the non-coordinate one-form basis
0' = f(r)dt, 0" = f(r)"'dr, 0°=rdf, and 0% =rsinfde. (11.18)
Now, we use the first Cartan structure formula to find the spin connection:
df® = —wy A 0P (11.19)
Taking the exterior derivative, we find
dét = f'dr A dt, (11.20)
dom =0, (11.21)
d@® = dr A de, (11.22)
dd® = sin @ dr A dp + 1 cos 0 df A de. (11.23)
By comparison with the first Cartan structure relation, we find
= 16, (11.24)
W'y = 0, (11.25)
W, = %é", (11.26)
w?, = {é‘i’, (11.27)
who = C°:6é¢, (11.28)

where all of the rest either vanishes or can be obtained by using the antisymmetric property of torsion-free
spin connection. For example

Wtr = nttwtr = —Wir = Wrt = w” tNrr = w” t = f et (1129)

Now, we can find the curvature two-form using the second Cartan structure equation

R = dwp + w: A w. (11.30)
We find
R, =d(f' fdt) +w'e NS = (Ff" + f2)dr Ndt = —(ff" + f2)0E NG, (11.31)
Rlg=wl Awg = f/fdt A(—fdf) = ffafAef’ (11.32)
Rig =wi Aw"y = Y fot A B2, (11.33)
/ f,f A no
Rig=d(—fd) =—fldrNd) = —2L0" NG?, (11.34)
T
Ry = _f fa’“ AG?, (11.35)

R%:d(fcostgZ))erer/\wrd) sin@df A dp — f2sinfdd A dp =

= —f N (11.36)

with all remaining components related by antisymmetry or vanishing. Reading off from R%, = Rabcdéc/\éd,
the non-zero Riemann tensor components in the orthonormal frame are

Ry = —(fF" + ), (11.37)
R'o10 = Rl 419 = _fo’ (11.38)
R'9rg = R prp = —g, (11.39)
R gop = ~ _2f27 (11.40)
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with all others vanishing or related by the symmetries of the Riemann tensor.
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