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1. Linearised Gravity from a Point Mass, Q1

In almost-inertial coordinates, the energy-momentum tensor describing a stationary point mass at the origin
is T90(t,x) = M§3(x) with 7% = T% = 0. Determine the linearised gravitational field produced by this
energy-momentum tensor, assuming it to be independent of t. For what values of R = |x| is the linear
approximation valid?

Solution.  We have -
Ohyy = —167GT,, . (1.1)
Given there is no time dependence, 0 = V2. Then, we simply have

VZBOO = —167TGM(53(X), VQB(}L‘ = VQilij = 0. (1.2)

We impose the Dirichlet boundary condition, such that h,, — 0 as [x| = co. Then, the above takes the

familiar solutions,
_4GM

hoo = ——, hoj = hij = 0. (1.3)
Recall,
_ 1-
huv = h;w - 5}”7;41/7 (14)
we find 2GM 2GM
hoo = ——, hii= ; (1.5)
T T
with the off-diagonal terms vanishing. Then, the metric is
2GM 2GM
G = T + Py = ds® = — (1 - G> dt* + <1 + G) (dr® + r2dQ3). (1.6)
T r

The approximation is valid when h,, < 1ie. r> 2GM = r,, where 7, is the Schwarzchild radius.

2. Cosmic String Metric, Q2

In almost inertial coordinates the energy-momentum tensor of a straight cosmic string aligned along the
z-axis is
T = pé(x)d(y) diag(1,0,0, -1), (2.1)

where p > 0 is constant. Show that the linearised Einstein equations admit a solution with non-vanishing
metric perturbation components

hip = has = —\  with ) = 8uG log(r) (2.2)
To
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where r = /22 + 32 and r is an arbitrary length.
Show that the perturbed metric can be written in cylindrical polar coordinates as

ds® = —dt® + dz% + (1 — \)(dr? + r?d¢?). (2.3)

Working to leading order in uG, make a change of radial coordinate given by (1 — A\)7? = (1 — 8uG)72 to
obtain
ds® = —dt* + dz* + di* + (1 — 8uG)i* do?. (2.4)

Finally, change the angular coordinate to obtain
ds? = —dt® + dz? + di® + 72 d¢°. (2.5)
Is this Minkowski spacetime? Show intuitively how a distant object behind a cosmic string may appear as a

double image.

Solution. Similarly, as above, we find
V2hoo = —167Gud(x)6(y), VZhsz = —167Gud(z)d(y), (2.6)

where the rest of the components satisfy Laplace’s equation and hence vanish by the Dirichlet boundary
condition. The equation above can be solved by using Gauss’s law. We find

EOO = —ng = 8/1,G In TL = )\, (27)
0
where r( is some reference radius chosen to specify the potential. Then, we have h = —2), and hence
hll = h22 = _>\7 (28)

and the other components vanish. Hence, the metric is given by

ds® = —dt® + (1 — \)(da? + dy?) + d2?, (2.9)
which is

ds® = —dt® +dz® + (1 — \)(dr® + r2d¢?) (2.10)
in cylindrical coordinates.
Now, we substitute (1 — \)r? = (1 — 8uG)#2. To leading order in uG,

(1 —N)dr? = (1 — 8uG)di?, (2.11)

and hence the metric becomes

ds? = —dt? + dz% + di® + (1 — 8uG)72d¢>. (2.12)

Finally, by setting ¢? = (1 — 8uG)¢?, the metric is simplified to the Minkowski metric in cylindrical
coordinates i.e. )

ds® = —dt? + d2® + di® + #d$>. (2.13)
Note that ¢ € [0,27/1 — 8uG). This is like taking a flat piece of paper, cutting off a wedge of angle A,
and glueing the two edges together. The originally parallel geodesics converge, and therefore the light

from the back of the cosmic string has two paths to reach the observer, which appears to be a double
image.

3. Frame Dragging and the Lense-Thirring Effect, Q3

Consider a large thin spherical shell of mass M and radius R which rotates slowly about the z-axis with
angular velocity €2. The energy density is

M st R) (3.1)

P~ inR?
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and the 4-velocity is u* = (1, —Qy, Qx,0).

i) Solve the linearised Einstein equations sourced by T%. Show that the result agrees with Newtonian

theory.
Solution. We solve for

V2hoo = —

4GM 1 d [ ,dheo\ = AGM
R? or—R) = r2dr <T dr >__

Integrate over r, we find
dh
12 @100
" dr’

r_ 0, r < R,
o | —-4GM, r>R.

Integrate once again and impose appropriate boundary conditions, giving

_ 0, r <R,
hoo = § 4GM

, r>R.
r

hi; = 0, and hence we find
0 r<R

_ 1- s
hoo = hoo — §h7700 = {ZGM e
r '

ii) Solve the linearised Einstein equations sourced by T%. Show that the solution is given by

’ wr3 (y7 —T, 0) r>R

{w(y, —z,0) r<R

where w = 4AM G /3R.

(3.6)

[Hint: Introduce the complex combination H = hgy + iho2 and work in spherical polar coordinates. Look

for a solution of the form H = f(r)sinfe'?.]

Solution. v
TOK — pyH Th = —— — — .
put = Ty, R o(r — R)(y, —,0)
We wish to solve L)
v2hOa = 776(7' - R)(ya 7:1770)3 h03 = Oa

becomes
4iMGSQ)

R2
We shall try a solution of the form H = f(r)sin fe’®, which gives

sin fe'® d (rgdf) f(r)et 3 — f(r)e'®  4AMGQ

V2H = 5(r — R)re'®sin .

" S : =
r2  dr dr 72 sin 0 72 sin 6 R?

This simplifies to

d [ ,df AMGQ 2, 2. AMGQ
dr <r d?") fr) =i R? oy ) r + 72 r3f ! R? 0

The homogeneous differential equation has the general solution

B
f(T):AT‘f'ﬁ

§(r — R)ire'® sin 6.

(3.7)

(3.8)

where a = 1,2. We can introduce the complex combination H = hg; + thg2 so that the equation

(3.9)

(3.10)

(3.11)

(3.12)
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By imposing appropriate boundary conditions, we find

T r<R
AMGQ |’ ’
fr) = —i—%—1q g3 (3.13)
—, r>R.
r2’

This gives

hoi = hoi = { wR? (3.14)

w(y, —z,0) r<R
(yv —Z, 0) r>R

r3

where w = 4AMGS)/3R.

iii) Consider a free particle moving inside the shell. For slowly moving particles, we may take the 4-velocity
to be v* = (1,%) with |x| < 1. Working to leading order in both |%| and w, show the geodesic equation
implies

¥ =2% X w (3.15)

where w = (0,0,w).
[Note: this is the equation associated with a rotating frame, where the right-hand side is identified as
the Coriolis force. In GR this phenomenon is known as frame-dragging, or the Lense-Thirring effect.]

Solution.  The metric inside the rotating shell is given by
ds* = —dt* + dx - dx + 2w(y dx dt — x dy dt) (3.16)

Consider the action
S = /dt[—l + %% + 2w(yx — xy)], (3.17)

which gives the geodesic equation

R+wi—2) =wd—9) = %=2% X w. (3.18)

4. The Fierz-Pauli Action, Q4 [Health Warning: This question is not
short]

Show that the expansion of the Ricci tensor to second order around Minkowski spacetime is

1 1 1
R®)[h] = Sh70u0uhos — W7 0,0y + 500 (KPDphyw) + 5 Ouho O

g
. ) (4.1)
07 Doy — 07 h Dyl — (a[,hp - 23%) B(uhunyp-

Hence show that, to quadratic order and ignoring total derivatives, the expansion of the Einstein-Hilbert
action gives the Fierz-Pauli action,

1 1 v 1 v 1 1 n4
Sep = g—= /d49[; (—4aphﬂuaﬂh* + 50phyu 0" R + S0, h 0" — SO, h! a,m) . (4.2)
Confirm that varying this action with respect to h,, gives the linearised Einstein equations G, = 0.

I Solution.
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F(l)p“y + F(z)p“y + o Where
1
rWe,, = 5 Ouhy 4 Oh ) = O hy)
1
F(2)pmj = _§hpg (a,uhuo + 8uh;ta - aah,uu) y

with the useful contractions F(l)ppﬂ = %&Lh and F(Q)pﬂp = —%hp"é?#hpg, where h = n**h,,,.
The Ricci tensor at second order is

Rl(fy) SERCZIEE S O JOIN LOLIS J(OLIN L LI
Using the expressions above,
(2)P 1 po 1 po
=@, = 5((9,,/1 )(Ouhpo) + §h 0,0l e,
1
F(l)PpAF(l)AHV — Za)\h (8Mh)\u + ayh)\u _ 8)\huu) ,

1
—TWe , T = - (8P x + O\hPy, — 8Phy,5) (0>, + 9,0, — 0 hyy) -

priate, one arrives at
(2) 1 po po 1 ap 1 po
R;w = ih 8H6vhpo —h apa(ﬂhl/)U + 580(}7’ 8ph/“/) + Zaﬂhpaa’/h
1 1

—|—8"h”,,8[ghp]ﬂ = zaf’h 8ph,“, = (&,h’w = 28”h> 8(th,)p.

The Einstein-Hilbert action expanded to quadratic order gives
S = L/délx " RZ) — prv RO 4 ﬁR(l) 4.

167G I SO

where the first-order Ricci tensor and scalar are
1
R() = 5 (07 0uhup + 070, hyp — Dby, — 0,0, h) RW = 9"9"h,,, — Oh.

(2)

the Fierz-Pauli action
1 4 1 P J Y 1 V1 PH 1 Iz 1 v
SFP = m d*x _Zaph/“ja h + §aph/“/8 h + Za'uha h — iayh auh o

The corresponding equation of motion is

D — 2070y + 0Ol + Ny (8°0° hipy — OR) = 0,

which is precisely the linearised Einstein tensor Gl(}l,) = ,(},,) - %UWR(D =0.

5. Transverse-Traceless Gauge, Q5

1 1
9,r¥e,, = —i(aphp”)(auhya + 0uhpe — Oohy) — §h%’“(apa”hw + 0pOuhus — 0pOohy),

We expand ¢, = N + by and gt = p#” — B 4 ... The Christoffel symbols expand as I'?,, =

(4.5)

(4.6)
(4.7)
(4.8)

(4.9)

Collecting all terms, using 0,(h*?Oshyw) = (0ph?7)05hyw + h#? 0,05y, and symmetrising where appro-

(4.10)

(4.11)

(4.12)

Contracting R,y with n*¥, collecting the remaining contributions, and integrating by parts, one obtains

(4.13)

(4.14)

A gravitational wave has polarisation H,, satisfying the de Donder gauge condition k*H,, = 0. Show that

one can use residual gauge transformations to impose the transverse-traceless condition

Ho, = H", = 0.

(5.1)
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Solution. A gauge transformation gives
Py = By + 0,8, + 8,64 — 8PNy (5.2)
The de Donder gauge condition, 8“?@,, = 0 is preserved as long as
0¢, = 0. (5.3)
In the case of gravitational wave, we take
BW = Re(Huueik'z)a §u = /\ueikﬂ (5.4)
where the latter obeys [J§,, = 0 naturally by k,k* = 0. Now, the gauge transformation becomes
Hyyy = Hyy + ik + ik Ay — ikp AT (5.5)

To set Hy,, we need
Ho,, + ikoAy + iku Ao = 0. (5.6)

For the traceless condition, we need
H*", — 2ik" )\, = 0. (5.7)
We can compute \g directly to get \g = iHyo/2ko. Consequently, we can obtain expression for \; by

Aj =i—2 — i Hoo. (5.8)

Plugging them into (5.7), we find

kI k?
2ik*\, = Hoo — ( 2 Ho; — —5 Hoo | - (5.9)
ko k3
Using the gauge condition k*H,,, = 0, we find
2ikH\, = Hoo — (2Hoo — Hop) = 0. (5.10)

6. Gravitational Wave Emission from a Binary System, Q6

Two bodies with masses m; and ms move in a circular Newtonian orbit in the (x,y)-plane. Choosing
coordinates so that the centre of mass sits at the origin, the bodies have positions x; = (11 coswt, r1 sin wt, 0)
and xg = (—ry coswt, —rgsinwt,0) where miry = mare = puR and pu = mymse/(my + mg) is the reduced
mass. The bodies orbit with frequency

o G(mi+my)

W= (6.1)

i) Treating the bodies as non-relativistic point masses, compute the corresponding energy-momentum
tensor, the second moment of the energy distribution /;;, and the metric perturbation h;;. Show that
the power emitted in gravitational waves is

32 G*mim3(my 4 my)

P== - . (6.2)

Solution. Let us first write down the equations we need

7 T v /a re 4
o (%,1) = 4G / 3 T (Ko tret) TG / B2/ T (X, ). (6.3)
> >2]

[x — x|

Note that e
ho; = —TPZ», (6.4)
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where
P, =— / d32' Tos (%', t — ) (6.5)
2

is the total momentum, which is conserved, in the spatial region >. We can always choose a inertial
frame to set this to zero, so that hg; = 0. The energy density of the system is given by

TO(x,t) = m16(2)6(z — r, coswt)d(y — r1 sinwt) + mad(2)d(z + ro coswt)d(y + ro sinwt). (6.6)

Then, we use the identity

1. 1
/ ' Ty (%', t) = 5Iij(t) = 568/ 42’ T (x, t)zia) (6.7)
) )
to compute
_ 2G ..
hij (X, t) = TIU (t - T’). (68)

Now, we compute the quadrupole moment of energy

I;(t) = /E d3x [m16(2)0(x — r1 coswt)d(y — r1 sinwt) + mad(2)d(z + ra coswt)d(y + o sinwt)] z;z;

= ma(z1)i(z1); + ma(x2)i(x2);

(6.9)
cos? wt sinwtcoswt 0
= uR? | sinwt coswt sin? wt 0],
0 0 0
where we used m17? 4+ mors = pR?. The radiation power is given by
G e .u.Z' y
P— gQ,»J»QJ, (6.10)
where Q;; is the traceless part of the quadrupole moment of energy,
Lo o
Qij = Iij = géijl k- (611)
Since ¥}, = puR? is constant, we have Q” = I” Computing the third time derivatives,
I =4pR%*®sin2wt, 199 = —4pR%w3sin2wt, 115 = 13 = —4pR?*w® cos2wt. (6.12)
After some rather tedious algebra, one would find
0, 07 = (T1)? + (T22)? +2(T12)? = (4pR%w?)? - 2 = 3242 R*uC. (6.13)
Therefore, we end up with
p =PGRS _ 32 GrmimE(m +ma) (6.14)
5 5 R5
where in the last step we substituted p? = m3m3/(m1 + ms)? and w8 = G3(my + m2)?/RP.
ii) The energy of the Newtonian orbit is £ = —Gmimsg/2R. As the system emits gravitational radiation,

the two bodies get closer. Set dE/dt = —P to get an expression for how the radius of the orbit shrinks
with time. Show that if the two bodies sit at distance Ry at time ¢ = 0, then they collide at time

_ 5 R
o 256 G3m1m2(m1 + mg) '

(6.15)

Solution. @
o mimso
dE = NP

dR. (6.16)
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Therefore,

/Tdt—— > /OdRR3:>T—5 R (6.17)
@ © 64G3myma(my + ma) Ro 256 G3myma(my +mag) ’

iii) Consider two black holes in a circular orbit, each with mass 30Ms where My is the mass of the Sun,
separated by the Earth-Sun distance. How long do they take to collide? How far apart are such black
holes when the merger time is a year?

[Some numbers: the Schwarzschild radius of the Sun is 2GMg ~ 3km. The Earth-Sun distance is
around 1.5 x 108km. The age of the universe is about 10'° years and the radius of the Sun is about
7 x 10° km.]

Solution.  With my = my = 30M, we have mymsa(my + mg) = 54000 Mg. Writing GMg =
3¢2km (from 2GMg ~ 3km), we find

3 3
G3mima(my + ms) = 54000 (G Mg)? = 54000 x <2> S km?® ~ 2.3 x 10° ® km?. (6.18)

Substituting Ry = 1.5 x 10® km,

5 (L5 x 108)* 1.8 x 1020
T 256 (2 3 x 105 .>c km & —————Jan &~ 1.8 x 10%"s ~ 6 x 10'” years. (6.19)

This is roughly 600 times the age of the universe, so the two black holes will not collide for a very

long time.
We invert the formula for 7= 1 year ~ 3.15 x 107 s:

R <256 G3myma(my + mo) T) 14
0 — o

i (6.20)

Using T/Tav = (Ro/Rau)?* with Tay ~ 6 x 10'? years,

1/4
1 1
Ry _ < year ) 1 (6.21)

Bay  \6x102years)  1.57x 103’
giving
1.5 x 108k
o n DO X0k (6.22)

1.57 x 103

This is smaller than the radius of the Sun (7 x 10° km), but still much larger than the Schwarzschild
radius of each black hole (~ 90km), so the linear approximation remains marginally valid.

iv) As the radius decreases, the frequency of the orbit, and hence of the emitted gravitational waves,
increases. Show that by measuring w and w, one can extract a characteristic mass scale for the binary
system, known as the chirp mass,

_ (mamy)®/
Mchirp == W (623)
Solution. Use »
R— G(mi +ms) ) (6.24)
o
Then s
dE Gm1m2 Gm1m2 w? 1/3 2 5/3 . _
dat IR2 T o (G(ml +m2)> (G(m1 +ma)) qw/tw=—P. (6.25)
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Rearranging, oen would eventually find

3

3/5
Mg = & (2 P s (6.26)
chirp G \ 9% . .
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