
Linearised Gravity & Gravitational Waves
D. Tong, General Relativity, Problem Sheet 4 (linearised gravity, cosmic strings, Lense–Thirring,

Fierz–Pauli, transverse-traceless gauge, binary GW emission).

Yucheng (Luca) Jin
General Relativity



Contents
1 Linearised Gravity from a Point Mass, Q1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

2 Cosmic String Metric, Q2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

3 Frame Dragging and the Lense-Thirring Effect, Q3 . . . . . . . . . . . . . . . . . . . . . . . 2

4 The Fierz-Pauli Action, Q4 [Health Warning: This question is not short] . . . . . . . . . 4

5 Transverse-Traceless Gauge, Q5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

6 Gravitational Wave Emission from a Binary System, Q6 . . . . . . . . . . . . . . . . . . . 6

1. Linearised Gravity from a Point Mass, Q1

In almost-inertial coordinates, the energy-momentum tensor describing a stationary point mass at the origin
is T 00(t, x) = Mδ3(x) with T 0i = T ij = 0. Determine the linearised gravitational field produced by this
energy-momentum tensor, assuming it to be independent of t. For what values of R = |x| is the linear
approximation valid?

Solution. We have
�h̄µν = −16πGTµν . (1.1)

Given there is no time dependence, � = ∇2. Then, we simply have

∇2h̄00 = −16πGMδ3(x), ∇2h̄0i = ∇2h̄ij = 0. (1.2)

We impose the Dirichlet boundary condition, such that hµν → 0 as |x| → ∞. Then, the above takes the
familiar solutions,

h̄00 = 4GM

r
, h̄0j = h̄ij = 0. (1.3)

Recall,
hµν = h̄µν − 1

2 h̄ηµν , (1.4)

we find
h00 = 2GM

r
, hii = 2GM

r
, (1.5)

with the off-diagonal terms vanishing. Then, the metric is

gµν = ηµν + hµν =⇒ ds2 = −
(

1 − 2GM

r

)
dt2 +

(
1 + 2GM

r

)
(dr2 + r2dΩ2

2). (1.6)

The approximation is valid when hµν � 1 i.e. r � 2GM = rs, where rs is the Schwarzchild radius.

2. Cosmic String Metric, Q2

In almost inertial coordinates the energy-momentum tensor of a straight cosmic string aligned along the
z-axis is

T µν = µ δ(x)δ(y) diag(1, 0, 0, −1), (2.1)

where µ > 0 is constant. Show that the linearised Einstein equations admit a solution with non-vanishing
metric perturbation components

h11 = h22 = −λ with λ = 8µG log
(

r

r0

)
(2.2)

1
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where r =
√

x2 + y2 and r0 is an arbitrary length.
Show that the perturbed metric can be written in cylindrical polar coordinates as

ds2 = −dt2 + dz2 + (1 − λ)(dr2 + r2dφ2). (2.3)

Working to leading order in µG, make a change of radial coordinate given by (1 − λ)r2 = (1 − 8µG)r̃2 to
obtain

ds2 = −dt2 + dz2 + dr̃2 + (1 − 8µG)r̃2 dφ2. (2.4)
Finally, change the angular coordinate to obtain

ds2 = −dt2 + dz2 + dr̃2 + r̃2 dφ̃2. (2.5)

Is this Minkowski spacetime? Show intuitively how a distant object behind a cosmic string may appear as a
double image.

Solution. Similarly, as above, we find

∇2h̄00 = −16πGµδ(x)δ(y), ∇2h̄33 = −16πGµδ(x)δ(y), (2.6)

where the rest of the components satisfy Laplace’s equation and hence vanish by the Dirichlet boundary
condition. The equation above can be solved by using Gauss’s law. We find

h̄00 = −h̄33 = 8µG ln r

r0
= λ, (2.7)

where r0 is some reference radius chosen to specify the potential. Then, we have h̄ = −2λ, and hence

h11 = h22 = −λ, (2.8)

and the other components vanish. Hence, the metric is given by

ds2 = −dt2 + (1 − λ)(dx2 + dy2) + dz2, (2.9)

which is
ds2 = −dt2 + dz2 + (1 − λ)(dr2 + r2dφ2) (2.10)

in cylindrical coordinates.
Now, we substitute (1 − λ)r2 = (1 − 8µG)r̃2. To leading order in µG,

(1 − λ)dr2 = (1 − 8µG)dr̃2, (2.11)

and hence the metric becomes

ds2 = −dt2 + dz2 + dr̃2 + (1 − 8µG)r̃2dφ2. (2.12)

Finally, by setting φ̃2 = (1 − 8µG)φ2, the metric is simplified to the Minkowski metric in cylindrical
coordinates i.e.

ds2 = −dt2 + dz2 + dr̃2 + r̃2dφ̃2. (2.13)

Note that φ̃ ∈ [0, 2π
√

1 − 8µG). This is like taking a flat piece of paper, cutting off a wedge of angle ∆,
and glueing the two edges together. The originally parallel geodesics converge, and therefore the light
from the back of the cosmic string has two paths to reach the observer, which appears to be a double
image.

3. Frame Dragging and the Lense-Thirring Effect, Q3

Consider a large thin spherical shell of mass M and radius R which rotates slowly about the z-axis with
angular velocity Ω. The energy density is

ρ = M

4πR2 δ(r − R) (3.1)
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and the 4-velocity is uµ = (1, −Ωy, Ωx, 0).

i) Solve the linearised Einstein equations sourced by T 00. Show that the result agrees with Newtonian
theory.

Solution. We solve for

∇2h̄00 = −4GM

R2 δ(r − R) =⇒ 1
r2

d

dr

(
r2 dh̄00

dr

)
= −4GM

R2 δ(r − R). (3.2)

Integrate over r, we find

r′2 dh̄00

dr′

∣∣∣∣r

0
=

{
0, r < R,

−4GM, r > R.
(3.3)

Integrate once again and impose appropriate boundary conditions, giving

h̄00 =

0, r < R,
4GM

r
, r > R.

(3.4)

hii = 0, and hence we find

h00 = h̄00 − 1
2 h̄η00 =

0, r < R
2GM

r
, r > R.

(3.5)

ii) Solve the linearised Einstein equations sourced by T 0i. Show that the solution is given by

h0i =

ω(y, −x, 0) r < R
ωR3

r3 (y, −x, 0) r > R
(3.6)

where ω = 4MGΩ/3R.
[Hint: Introduce the complex combination H = h01 + ih02 and work in spherical polar coordinates. Look
for a solution of the form H = f(r) sin θ eiφ.]

Solution.
T 0µ = ρuµ =⇒ T0i = MΩ

4πR2 δ(r − R)(y, −x, 0). (3.7)

We wish to solve
∇2h̄0a = −4MGΩ

R2 δ(r − R)(y, −x, 0), h̄03 = 0, (3.8)

where a = 1, 2. We can introduce the complex combination H = h01 + ih02 so that the equation
becomes

∇2H = 4iMGΩ
R2 δ(r − R)reiφ sin θ. (3.9)

We shall try a solution of the form H = f(r) sin θeiφ, which gives

sin θeiφ

r2
d

dr

(
r2 df

dr

)
+ f(r)eiφ

r2 sin θ
cos 2θ − f(r)eiφ

r2 sin θ
= 4MGΩ

R2 δ(r − R)ireiφ sin θ. (3.10)

This simplifies to

d

dr

(
r2 df

dr

)
− 2f(r) = i

4MGΩ
R2 r3δ(r − R) =⇒ f ′′

r
+ 2

r2 f ′ − 2
r3 f = i

4MGΩ
R2 δ(r − R). (3.11)

The homogeneous differential equation has the general solution

f(r) = Ar + B

r2 . (3.12)
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By imposing appropriate boundary conditions, we find

f(r) = −i
4MGΩ

3R


r, r < R,

R3

r2 , r > R.
(3.13)

This gives

h0i = h̄0i =

ω(y, −x, 0) r < R
ωR3

r3 (y, −x, 0) r > R
(3.14)

where ω = 4MGΩ/3R.

iii) Consider a free particle moving inside the shell. For slowly moving particles, we may take the 4-velocity
to be vµ = (1, ẋ) with |ẋ| � 1. Working to leading order in both |ẋ| and ω, show the geodesic equation
implies

ẍ = 2ẋ × ω (3.15)

where ω = (0, 0, ω).
[Note: this is the equation associated with a rotating frame, where the right-hand side is identified as
the Coriolis force. In GR this phenomenon is known as frame-dragging, or the Lense-Thirring effect.]

Solution. The metric inside the rotating shell is given by

ds2 = −dt2 + dx · dx + 2ω(y dx dt − x dy dt) (3.16)

Consider the action
S =

∫
dt[−1 + ẋ2 + 2ω(yẋ − xẏ)], (3.17)

which gives the geodesic equation

ẍ + ω(ẏ − ẋ) = ω(ẋ − ẏ) =⇒ ẍ = 2ẋ × ω. (3.18)

4. The Fierz-Pauli Action, Q4 [Health Warning: This question is not
short]

Show that the expansion of the Ricci tensor to second order around Minkowski spacetime is

R(2)
µν [h] = 1

2hρσ∂µ∂νhρσ − hρσ∂ρ∂(µhν)σ + 1
2∂σ(hσρ∂ρhµν) + 1

4∂µhρσ∂νhρσ

+∂σhρ
ν∂[σhρ]µ − 1

4∂ρh ∂ρhµν −
(

∂σhρσ − 1
2∂ρh

)
∂(µhν)ρ.

(4.1)

Hence show that, to quadratic order and ignoring total derivatives, the expansion of the Einstein-Hilbert
action gives the Fierz-Pauli action,

SF P = 1
8πG

∫
d4x

(
−1

4∂ρhµν∂ρhµν + 1
2∂ρhµν∂νhρµ + 1

4∂µh ∂µh − 1
2∂νhµν∂µh

)
. (4.2)

Confirm that varying this action with respect to hµν gives the linearised Einstein equations Gµν = 0.

Solution.
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We expand gµν = ηµν + hµν and gµν = ηµν − hµν + · · · . The Christoffel symbols expand as Γρ
µν =

Γ(1)ρ
µν + Γ(2)ρ

µν + · · · where

Γ(1)ρ
µν = 1

2 (∂µhρ
ν + ∂νhρ

µ − ∂ρhµν) , (4.3)

Γ(2)ρ
µν = −1

2hρσ (∂µhνσ + ∂νhµσ − ∂σhµν) , (4.4)

with the useful contractions Γ(1)ρ
ρµ = 1

2∂µh and Γ(2)ρ
µρ = −1

2hρσ∂µhρσ, where h = ηµνhµν .
The Ricci tensor at second order is

R(2)
µν = ∂ρΓ(2)ρ

µν − ∂νΓ(2)ρ
µρ + Γ(1)ρ

ρλΓ(1)λ
µν − Γ(1)ρ

νλΓ(1)λ
µρ. (4.5)

Using the expressions above,

∂ρΓ(2)ρ
µν = −1

2(∂ρhρσ)(∂µhνσ + ∂νhµσ − ∂σhµν) − 1
2hρσ(∂ρ∂µhνσ + ∂ρ∂νhµσ − ∂ρ∂σhµν), (4.6)

−∂νΓ(2)ρ
µρ = 1

2(∂νhρσ)(∂µhρσ) + 1
2hρσ∂ν∂µhρσ, (4.7)

Γ(1)ρ
ρλΓ(1)λ

µν = 1
4∂λh

(
∂µhλ

ν + ∂νhλ
µ − ∂λhµν

)
, (4.8)

−Γ(1)ρ
νλΓ(1)λ

µρ = −1
4 (∂νhρ

λ + ∂λhρ
ν − ∂ρhνλ)

(
∂µhλ

ρ + ∂ρhλ
µ − ∂λhµρ

)
. (4.9)

Collecting all terms, using ∂ρ(hρσ∂σhµν) = (∂ρhρσ)∂σhµν + hρσ∂ρ∂σhµν and symmetrising where appro-
priate, one arrives at

R(2)
µν = 1

2hρσ∂µ∂νhρσ − hρσ∂ρ∂(µhν)σ + 1
2∂σ(hσρ∂ρhµν) + 1

4∂µhρσ∂νhρσ

+∂σhρ
ν∂[σhρ]µ − 1

4∂ρh ∂ρhµν −
(

∂σhρσ − 1
2∂ρh

)
∂(µhν)ρ.

(4.10)

The Einstein-Hilbert action expanded to quadratic order gives

S = 1
16πG

∫
d4x

(
ηµνR(2)

µν − hµνR(1)
µν + h

2 R(1)
)

+ · · · (4.11)

where the first-order Ricci tensor and scalar are

R(1)
µν = 1

2 (∂ρ∂µhνρ + ∂ρ∂νhµρ − �hµν − ∂µ∂νh) , R(1) = ∂µ∂νhµν − �h. (4.12)

Contracting R
(2)
µν with ηµν , collecting the remaining contributions, and integrating by parts, one obtains

the Fierz-Pauli action

SF P = 1
8πG

∫
d4x

(
−1

4∂ρhµν∂ρhµν + 1
2∂ρhµν∂νhρµ + 1

4∂µh ∂µh − 1
2∂νhµν∂µh

)
. (4.13)

The corresponding equation of motion is

�hµν − 2∂ρ∂(µhν)ρ + ∂µ∂νh + ηµν (∂ρ∂σhρσ − �h) = 0, (4.14)

which is precisely the linearised Einstein tensor G
(1)
µν = R

(1)
µν − 1

2ηµνR(1) = 0.

5. Transverse-Traceless Gauge, Q5

A gravitational wave has polarisation Hµν satisfying the de Donder gauge condition kµHµν = 0. Show that
one can use residual gauge transformations to impose the transverse-traceless condition

H0µ = Hµ
µ = 0. (5.1)
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Solution. A gauge transformation gives

h̄µν → h̄µν + ∂µξν + ∂νξµ − ∂ρξρηµν . (5.2)

The de Donder gauge condition, ∂µh̄µν = 0 is preserved as long as

�ξµ = 0. (5.3)

In the case of gravitational wave, we take

h̄µν = Re(Hµνeik·x), ξµ = λµeik·x, (5.4)

where the latter obeys �ξµ = 0 naturally by kµkµ = 0. Now, the gauge transformation becomes

Hµν → Hµν + ikµλν + ikνλµ − ikρλρηµν . (5.5)

To set H0µ, we need
H0µ + ik0λµ + ikµλ0 = 0. (5.6)

For the traceless condition, we need
Hµ

µ − 2ikµλµ = 0. (5.7)

We can compute λ0 directly to get λ0 = iH00/2k0. Consequently, we can obtain expression for λi by

λj = i
H0j

k0
− i

kj

2k2
0

H00. (5.8)

Plugging them into (5.7), we find

2ikµλµ = H00 −
(

2kj

k0
H0j − k2

k2
0

H00

)
. (5.9)

Using the gauge condition kµHµν = 0, we find

2ikµλµ = H00 − (2H00 − H00) = 0. (5.10)

6. Gravitational Wave Emission from a Binary System, Q6

Two bodies with masses m1 and m2 move in a circular Newtonian orbit in the (x, y)-plane. Choosing
coordinates so that the centre of mass sits at the origin, the bodies have positions x1 = (r1 cos ωt, r1 sin ωt, 0)
and x2 = (−r2 cos ωt, −r2 sin ωt, 0) where m1r1 = m2r2 = µR and µ = m1m2/(m1 + m2) is the reduced
mass. The bodies orbit with frequency

ω2 = G(m1 + m2)
R3 . (6.1)

i) Treating the bodies as non-relativistic point masses, compute the corresponding energy-momentum
tensor, the second moment of the energy distribution Iij , and the metric perturbation h̄ij . Show that
the power emitted in gravitational waves is

P = 32
5

G4m2
1m2

2(m1 + m2)
R5 . (6.2)

Solution. Let us first write down the equations we need

h̄µν(x, t) = 4G

∫
Σ

d3x′ Tµν(x′, tret)
|x − x′|

≈ 4G

r

∫
Σ

d3x′Tµν(x′, tret). (6.3)

Note that
h̄0i = −4G

r
Pi, (6.4)
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where
Pi = −

∫
Σ

d3x′T0i(x′, t − r) (6.5)

is the total momentum, which is conserved, in the spatial region Σ. We can always choose a inertial
frame to set this to zero, so that h̄0i = 0. The energy density of the system is given by

T 00(x, t) = m1δ(z)δ(x − r1 cos ωt)δ(y − r1 sin ωt) + m2δ(z)δ(x + r2 cos ωt)δ(y + r2 sin ωt). (6.6)

Then, we use the identity∫
Σ

d3x′Tij(x′, t) = 1
2 Ïij(t) ≡ 1

2∂2
0

∫
Σ

d3x′T 00(x, t)x′
ix

′
j (6.7)

to compute
h̄ij(x, t) = 2G

r
Ïij(t − r). (6.8)

Now, we compute the quadrupole moment of energy

Iij(t) =
∫

Σ
d3x [m1δ(z)δ(x − r1 cos ωt)δ(y − r1 sin ωt) + m2δ(z)δ(x + r2 cos ωt)δ(y + r2 sin ωt)] xixj

= m1(x1)i(x1)j + m2(x2)i(x2)j

= µR2

 cos2 ωt sin ωt cos ωt 0
sin ωt cos ωt sin2 ωt 0

0 0 0

 ,

(6.9)

where we used m1r2
1 + m2r2

2 = µR2. The radiation power is given by

P = G

5
...
Q ij

...
Q ij

, (6.10)

where Qij is the traceless part of the quadrupole moment of energy,

Qij = Iij − 1
3δijIk

k. (6.11)

Since Ik
k = µR2 is constant, we have

...
Q ij =

...
I ij . Computing the third time derivatives,

...
I 11 = 4µR2ω3 sin 2ωt,

...
I 22 = −4µR2ω3 sin 2ωt,

...
I 12 =

...
I 21 = −4µR2ω3 cos 2ωt. (6.12)

After some rather tedious algebra, one would find
...
Q ij

...
Q ij = (

...
I 11)2 + (

...
I 22)2 + 2(

...
I 12)2 = (4µR2ω3)2 · 2 = 32µ2R4ω6. (6.13)

Therefore, we end up with

P = 32Gµ2R4ω6

5 = 32
5

G4m2
1m2

2(m1 + m2)
R5 , (6.14)

where in the last step we substituted µ2 = m2
1m2

2/(m1 + m2)2 and ω6 = G3(m1 + m2)3/R9.

ii) The energy of the Newtonian orbit is E = −Gm1m2/2R. As the system emits gravitational radiation,
the two bodies get closer. Set dE/dt = −P to get an expression for how the radius of the orbit shrinks
with time. Show that if the two bodies sit at distance R0 at time t = 0, then they collide at time

T = 5
256

R4
0

G3m1m2(m1 + m2) . (6.15)

Solution.
dE = Gm1m2

2R2 dR. (6.16)
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Therefore, ∫ T

0
dt = − 5

64G3m1m2(m1 + m2)

∫ 0

R0

dR R3 =⇒ T = 5
256

R4
0

G3m1m2(m1 + m2) .. (6.17)

iii) Consider two black holes in a circular orbit, each with mass 30M� where M� is the mass of the Sun,
separated by the Earth-Sun distance. How long do they take to collide? How far apart are such black
holes when the merger time is a year?
[Some numbers: the Schwarzschild radius of the Sun is 2GM� ≈ 3 km. The Earth-Sun distance is
around 1.5 × 108 km. The age of the universe is about 1010 years and the radius of the Sun is about
7 × 105 km.]

Solution. With m1 = m2 = 30M�, we have m1m2(m1 + m2) = 54000 M3
�. Writing GM� =

3
2c2 km (from 2GM� ≈ 3 km), we find

G3m1m2(m1 + m2) = 54000 (GM�)3 = 54000 ×
(

3
2

)3
c6 km3 ≈ 2.3 × 105 c6 km3. (6.18)

Substituting R0 = 1.5 × 108 km,

T = 5
256 · (1.5 × 108)4

2.3 × 105 · c
km ≈ 1.8 × 1020

c
km ≈ 1.8 × 1020 s ≈ 6 × 1012 years. (6.19)

This is roughly 600 times the age of the universe, so the two black holes will not collide for a very
long time.
We invert the formula for T = 1 year ≈ 3.15 × 107 s:

R0 =
(

256 G3m1m2(m1 + m2) T

5c5

)1/4

. (6.20)

Using T/TAU = (R0/RAU)4 with TAU ≈ 6 × 1012 years,

R0

RAU
=

(
1 year

6 × 1012 years

)1/4
≈ 1

1.57 × 103 , (6.21)

giving
R0 ≈ 1.5 × 108 km

1.57 × 103 ≈ 105 km. (6.22)

This is smaller than the radius of the Sun (7×105 km), but still much larger than the Schwarzschild
radius of each black hole (∼ 90 km), so the linear approximation remains marginally valid.

iv) As the radius decreases, the frequency of the orbit, and hence of the emitted gravitational waves,
increases. Show that by measuring ω and ω̇, one can extract a characteristic mass scale for the binary
system, known as the chirp mass,

Mchirp = (m1m2)3/5

(m1 + m2)1/5 . (6.23)

Solution. Use
R =

(
G(m1 + m2)

ω2

)1/3
. (6.24)

Then
dE

dt
= Gm1m2

2R2 Ṙ = −Gm1m2

2

(
ω2

G(m1 + m2)

)2/3

(G(m1 + m2))1/3 2
3ω5/3ω̇ = −P. (6.25)
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Rearranging, oen would eventually find

Mchirp = c3

G

(
5
96

)3/5
ω−11/5ω̇3/5. (6.26)
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