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SO(3) Symmetry, Q4

Verify that the Lagrangian density

1 1
L= 5 ,ud)aa#(ba - §m2¢a¢a (11)

for a triplet of real fields ¢, (a = 1,2, 3) is invariant under the infinitesimal SO(3) rotation by 6

d)a — d)a + 96abc”b¢c (12)

where n, is a unit vector. Compute the Noether current j*. Deduce that the three quantities

Qu = /0333j €abe éb(ﬁc (13)

are all conserved and verify this directly using the field equations satisfied by ¢,.

Solution.  Under the SO(3) rotation, the ¢¢ term transform as
GaPa = Paba + 20€apcPanpPe + 0(92) = Qo Pa- (14)

Therefore, the Lagrangian is invariant under the transformation.
The corresponding conserved current is given by

. oL
]H = Wé(ba = 8u¢a€abcnb¢c = —an£L~ <15)
1Pa

Since the conservation law must hold for arbitrary unit vector, ng, all three components of the current
are conserved separetly. Integrate the time component over the space, we find the conserved charge

Qo = / BrJ? = / d3z€qpe Py e (1.6)
The equation of motion is given by
(8% —m?)¢a = 0. (1.7)
We use this to verify the charge conservation:
dQ., . -
o — [ Pean(rse+dudo) = [ Paeandu 7 +mt)oy = [ Prewe(Vor) - (Vo) =0, (19

where we have used the antisymmetric property of €,p. consistently.

2. Infinitesimal Lorentz Transformation, Q5
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A Lorentz transformation z# — 2/ = A¥, 2" is such that it preserves the Minkowski metric 7,,,, meaning
that n,,ztz” = ny,a 2’ for all z. Show that this implies that

Nuv = nUTAaMATV' (2.1)
Use this result to show that an infinitesimal transformation of the form
AP, =M, +wH, (2.2)

is a Lorentz transformation when w*” is antisymmetric: i.e. w*’ = —w"".
Write down the matrix form for w*, that corresponds to a rotation through an infinitesimal angle 8
about the z3-axis. Do the same for a boost along the x!-axis by an infinitesimal velocity v.

Solution. Substitute the Lorentz transformation into the metric preserving statement, we find
T 8 = nUTA"uATVx"x” = Gy = nUTA"MATV. (2.3)
For an infinitesimal transformation of the form, it needs to satisfy the above equality
M = Tor (87 + w7 W) (70 + WT0) = Ny + Wy + W + O(w?). (2.4)

Therefore, we require w;,, + w,, =0, i.e. W = —wW"¥.
For a rotation through an infinitesimal angle § about the x3-axis, the coordinates transform as z! —
! + 022 and z? — 2% — Oz, so wH, takes the form

0 0 0 0
0 0 6 0
oo

Yr=1lo -0 0 0 )

0 0 0 O
Lowering the first index with 7, = diag(+1, —1,—1,—1) gives

00 0 O
0 0 -0 0

“w=10 6 0 o] )
0 0 0 O

which is manifestly antisymmetric.

For a boost along the x'-axis by an infinitesimal velocity v, the coordinates transform as 2% — 2% — va

and 2! — 2! — 20, so

1

0 —v 0 0
. _|-v 0 00
ey = 0 0 0 (2.7)
0 0 0
Lowering the first index gives
0 —v 0 0
v 0 0 O
Yw=1o 0 o0 0] (28)
0O 0 0 O

which is again antisymmetric, as required.

3. Lorentz Invariance and the Energy-Momentum Tensor, Q6

Consider the infinitesimal form of the Lorentz transformation derived in the previous question: z* —
o + wt,x¥. Show that a scalar field transforms as

d(x) = ¢'(z) = ¢(x) — wH, ¥ 9, ¢(x) (3.1)
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and hence show that the variation of the Lagrangian density is a total derivative
0L = =0, (W, 2" L). (3.2)
Using Noether’s theorem deduce the existence of the conserved current
"=ty [T 2] (3:3)

The three conserved charges arising from spatial rotational invariance define the total angular momentum of
the field. Show that these charges are given by,

Qi = eijk/d?’x (SL'JT‘OIC — kaOj) (34)
Derive the conserved charges arising from invariance under Lorentz boosts. Show that they imply
g g
d .
pn d*z (2' T°) = constant (3.5)

and interpret this equation.

Solution. Under an infinitesimal Lorentz transformation, the scalar field transforms as
¢(z) = ¢'(x) = d(AT'2) = (o —wh,2") = §(z) — wh,2" 8,9 (). (3.6)
Since the Lagrangian is a scalar, it must transform in the same way as the free scalar field, that is
0L = -0, (w*, ¥ L). (3.7)
For a Lorentz invariant Lagrangian, the conserved current is given by

e — ok 0p — FF = —wP, 67£8 ¢—O0HL ) 2¥ = —wP, TH, x¥ with F! = —w", 2" L. 3.8
9(0u o) () ” ? !

By the antisymmetric property of w, we find

WO (TH03") = %wpyau(ww _mge) = (3.9)
So, we have the following conservation equation
0, (TH0” — TH 2P) = 0, (3.10)
which gives the conserved charges

QY = /dsx(To”m” — T zH), (3.11)

The Lorentz group has six independent parameters: three rotations and three boosts. For spatial
rotations, we pick p,v € {1,2,3}. The three angular momentum charges are

Qk = /dsx (T% g% — 7Ok 7)), (3.12)
which we can package into a 3-vector using the Levi-Civita symbol,
1 , ) :
Q; = ieiijjk = €k /d3$ (ijOk = kaO]). (3.13)

These are the components of the total angular momentum of the field.
For Lorentz boosts, we pick p = 0 and v =i € {1, 2,3}, giving the three boost charges

QY = /d3m (Toomi — TOixO) = /d3x T90g¢ — t/d?’x 7%, (3.14)
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Conservation of Q% states that

d . ) d . ) )
%/d?’x (TP — T%%) =0 = a/d?’mxlTOO = /d3xT0’ == (3.15)
where we used conservation of momentum P* = 0, by translational invariance. Since P is constant, this
gives

d _
= d3z (2 T°°) = constant. (3.16)

This is the field-theoretic analogue of the statement that the centre of energy moves with constant
velocity P'/FE, i.e. the centre of energy travels in a straight line at constant speed, in direct analogy
with Newton’s first law for the centre of mass.

4. Energy-Momentum Tensor of the Electromagnetic Field, Q7

Maxwell’s Lagrangian for the electromagnetic field is
1 v
L= _ZF’WFM (4.1)

where F,, = 0,4, — 0,A, and A, is the 4-vector potential. Show that £ is invariant under gauge
transformations
A, = AL+ 0,8 (4.2)

where £ = {(z) is a scalar field with arbitrary (differentiable) dependence on x.

Use Noether’s theorem, and the spacetime translational invariance of the action, to construct the energy-
momentum tensor 7" for the electromagnetic field. Show that the resulting object is neither symmetric nor
gauge invariant. Consider a new tensor given by

S L W (4.3)

Show that this object also defines four conserved currents. Moreover, show that it is symmetric, gauge
invariant and traceless.

Comment: T*” and ©*” are both equally good definitions of the energy-momentum tensor. However
O clearly has the nicer properties. Moreover, if you couple Maxwell’s Lagrangian to general relativity then
it is ©*” which appears in Einstein’s equations.

Solution. It is trivial to see that the Lagrangian is invariant under gauge transformation.
We now look at the conjugate momentum of the Lagrangian
oL 1 1 1
= — = (6%0% — 6L04) (0% AP — P A*) = ——FH { ZFVH = MY, 4.4
Now consider the translation, z# — x* + ¢*. The potential transform as
AP — AP — €79, A, (4.5)
The Lagrangian transform as
L— L—e'o,L. (4.6)
Now, we find
oL
0L =0, | =—=——0d4, —0,L =9, (FMI"A,), 4.7
H <a(aﬂAy) > = H( P) ( )
which gives the energy-momentum tensor
TH = —FHrPQY A, — ' L. (4.8)
It is clear that F' and £ are invariant under gauge transformation. However, 9, A, itself is not invariant
under the gauge transformation, so that the energy-momentum tensor is not invariant. It is also clear to
see that the first term is not symmetric.
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Defining the new object

OF = TH — FPHY,AY = —FMQ" A, — FPHO,AY — " L = FPHEY,, — " L, (4.9)

which is clearly gauge invariant and symmetric. To see that the above quantity is also a conserved

current, consider
Ou(FHP9,A,) = 0, F**0,A, + F*°0,0,A, =0, (4.10)

where the first term vanishes by the equation of motion and the second term vanishes by the antisymmetric
property of F*¥. Therefore,
0,0 = 0. (4.11)

Now, consider the trace of the object, which is

1
&Py = Gl = 18210, — 16"# F,,FP? = FWE,, — F,, F*° = 0. (4.12)

5. The Proca Field, Q8

The Lagrangian density for a massive vector field C), is given by
L= _iFwFW + %m2CﬂC“ (5.1)
where F},, = 0,C, — 9,C},. Derive the equations of motion and show that when m # 0 they imply
9,C" = 0. (5.2)
Further show that Cy can be eliminated completely in terms of the other fields by
0;0" Cy +m2Cy = 0°C;. (5.3)
Construct the canonical momenta II; conjugate to Cj, ¢ = 1,2, 3 and show that the canonical momentum
conjugate to Cp is vanishing. Construct the Hamiltonian density #H in terms of Cy, C; and II;. (Note: Do
not be concerned that the canonical momentum for Cj is vanishing. Cjp is non-dynamical — it is determined
entirely in terms of the other fields using equation (5.3)).
Solution. The equation of motion trivially follows from (4.4), that is
9, F" +m?C” = 0. (5.4)
For non-zero mass, take 0, of the above and use the antisymmetric property of F*, we find
8,C" = 0. (5.5)

Therefore, we can write the following two equations

00C° = 9;C", (5.6)
8M8#CO = 8()8“0# + TTLZCO = 6;,,6‘“00 -+ m200 =0. (57)

Together, we find _ N
81‘8100 + m200 = 81(]1 (58)

The conjugate momenta are given by
oL

I =—= — _Fonr 5.9
H (9((90/1“) ( )

For pu = 0, the antisymmetric tensor vanishes, and thus Il = 0. For pu = i, we have II; = Fp;. The
Hamiltonian density is given by .
H=T1,C" - L. (5.10)
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Let’s write the Lagrangian in terms of the conjugate momenta:

1 2 1 2 1 2 2 2

The Hamiltonian density is

1 1 1

4 )

6. Scale Invariance and the Dilatation Current, Q9

A class of interesting theories are invariant under the scaling of all lengths by

o — () =Xz*  and  H(z) = ¢/ (z) = AN Po(\ 1)

H = H? + Hi3i00 — L= 51_[12 TF = 12] = me(C'g = CZZ) + HﬁZOO

(5.11)

(5.12)

(6.1)

Here D is called the scaling dimension of the field. Consider the action for a real scalar field given by

5 /d% %@L(ﬁ@“qb - %m2¢2 ~ge?

(6.2)

Find the scaling dimension D such that the derivative terms remain invariant. For what values of m and p is
the scaling (23) a symmetry of the theory. How do these conclusions change for a scalar field living in an

(n + 1)-dimensional spacetime instead of a 3 4+ 1-dimensional spacetime?

In 3 + 1 dimensions, use Noether’s theorem to construct the conserved current D* associated to scaling

invariance.

mass term to be invariant, we require m?\*—2"

m=A2andp=2(n+1)/(n—1).
Consider the infinitesimal scaling, A = 1 + e. To first order of ¢, we find

6(z) = ¢(x) — Deg(x) — er,6(x).
The Lagrangian, on the other hand, must transform as
L— (1+e)*L=L~—4eL — ex*d,L = L — ed,(z"L).
Therefore, the conserved current

o
 0(9.9)

Recall the energy-momentum tensor,

“w

5 + 2" L = 9 $(Dd + 2V, 8) + z"L.

TH = 9 g $ — ' L.

The conserved current becomes
DF =z, T™ — ¢dt¢.

Solution.  The derivative term transform as 9, — A719,, and the integral measure transforms as
d*z — \d*z. For the dynamic term to be invariant, we need A*~272P = 1, which means D = 1. For the
= 1, which implies m = A~2. For the interaction term,
we need \*PP = 1, which gives p = 4. For an (n + 1)-dimensional world, we would have D = (n —1)/2,

(6.3)

(6.4)
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