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1. Quantization of a String, Q1

A string has classical Hamiltonian given by

H

(1o 1 5,

= = 1.1
> (372 + 5+242) (1)
where w,, is the frequency of the nth mode. After quantization, ¢, and p, become operators satisfying

[Qna (bn] = [pn,pm] =0 and [qnapm] = Zésnm (12)

Introduce creation and annihilation operators a,, and aL,

Wn, ) Wn )
=, =2 - d a =/=2qg, — —— pn. 1.3

Show that they satisfy the commutation relations
[an, am] = [al,al ] =0 and [an,al] = Gum. (1.4)

n»'m

Show that the Hamiltonian of the system can be written in the form

n=1

Given the existence of a ground state |0) such that a,|0) = 0, explain how, after removing the vacuum energy,
the Hamiltonian can be expressed as

W, (anall + a;flan) . (1.5)

N =

H= iwnagan. (1.6)
n=1
Show further that [H,a)] = w, a}, and hence calculate the energy of the state
o, ..., In) = (a{)ll (a;)lz . (a}L\,)lN 10). (1.7)
Solution. The commutation relation is trivial to verify. The Hamiltonian can be written as

wnlanal +alay). (1.8)

N =

n=1

1 =3 [fonlan —al)? + Jon(an +a}] = 3
n=1
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The vacuum energy is given by

o0

1
H|0) = Ep|0) = Zg“n‘o (1.9)

Therefore, by taking the vacuum energy away, we find

Then commutator between the Hamiltonian and the creation operator is given by

ana —l—a ap — 1) ana Q. (1.10)

l\JM—\

Zwm Ly —wnal. (1.11)

Then, we consider the commutator
[H, (af)"] = lawn(af)". (1.12)

Therefore, the energy of an excited states is given by

N
Hllylg,. oy IN) =D lnwn a2, Iy - (1.13)

2. Canonical Quantization of the Free Scalar Field, Q2

The Fourier decomposition of a real scalar field and its conjugate momentum in the Schrédinger picture is
given by

d3 1 ip-xX —ip-X
(b(x):/ 27:))3\/E[apep +al,e p ] (2.1)

—~

d3 . EP ip-X —ip-X
m(x) = / (27:))3 (—z)\/j [ap eP™ — aL e ] (2.2)
Show that the commutation relations
[6(x), ¢(y)] = [7(x),7(y)] =0 and [¢(x),7(y)] = i6® (x —y) (2.3)
imply that
[amaq} = [a;rvam =0 and [apﬂ q] (27T) 6(3) (p q) (2'4)

I Solution. Trivial.

3. Normal Ordering and the Four-Momentum Operator, Q3
Consider a real scalar field with the Lagrangian
L=10,00"¢— tm?¢>. (3.1)

Show that, after normal ordering, the conserved four-momentum P* = [ d3z T takes the operator form

. d’p
P! :/(27r)3 pt a;r)ap (3.2)

where p¥ = Ep in this expression. From this expression for P* verify that if ¢(z) is now in the Heisenberg
picture, then

[P¥, 6(2)] = —id"(x). (3.3)
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Solution. The conserved four momentum is given by

Pt = / A3z p(x)0  p(x), (3.4)
where .
o@) = [ 5 o lam e afe], (35)
and
3) = we) = [ L i) 2 fane v — af o). (36)
Therefore, we find
oo = [ L, T e e ] (37)

Then, the conserved four-momentum is given by

d3p 1 d3q E . . ) )

_ 3 a = i = T

P _/d x/ (2m)3 v/2Eg, / (2m)3 9 " [aP e P — ) esz} [aq e — aq equ]
a3 1 d3q |E i 5

- / (27T)3 \/ 2Ep / (271')3 qu” |:apaq63 (p u q)e (BetFalt + “Lawg (p + q)e (Bp+Eq)t

— apaflég‘(p — q)e*i(

Ep—Eq)t _ i(Ep—Eq)t

aLaqég(p —q)e

L[ P [ i —2iEpt 1 _2iBpt
= 5 W apap + apCLp . apa_pe — apa_pe o

The last two terms are odd, and therefore vanishes under the integral. By normal ordering, we find

d®p
P“:/(zﬂ_)gp”ai)ap. (3.9)

Now, we evaluate the commutation relation

PH — dgp (7 dsq 1 i —iqz i IRPRLES 3.10
[ ,d)(ﬂ?)] (27T)3p (277)3 \/ﬁ ([apapa aq]e + [apap,aq}e ) ‘ ( . )
q
Using
[QLGW aq) = a;f,[ap, aq) + [a;,aq]ap = —(27r)3(53(p —q)ap, (3.11)
and
[a;r)a’pa a:rq] = a;r:)[apa ag] + [a;f)7 CLIJ(IP = (277)3(1;[)53(13 - q)v (312)
we find g .
[P“, QS(:E)] = —/ (27:;3 \/Epﬂ [ap e~ iPT _ aL eipz] — —i@“qﬁ(x). (3.13)

4. Single-Particle States and the Field Operator, Q5

Let ¢(z) be a real scalar field in the Heisenberg picture. Show that the relativistically normalized one-particle

states [p) = \/2Fp an |0) satisfy _
(O] ¢(z) [p) = ™. (4.1)

3
Ols@n) = [ s ﬁ (alp) e=1% = e, (+2)

Solution.
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5. Angular Momentum and Spin of the Scalar Field, Q6

In Example Sheet 1, you showed that the classical angular momentum of field is given by

1 . ,
Q; = 5eijk/d{»g(gcJTO’“ — P07, (5.1)

Write down the explicit form of the angular momentum for a free real scalar field. Show that, after normal
ordering, the quantum operator @J; can be written as

Qz == §€zgk/ (271_)3 a’p (p Tpk —D 8pj) a’p (52)

Hence confirm that the quanta of the scalar field have spin zero (i.e. a stationary one-particle state |p = 0)
has zero angular momentum).

Solution. The energy momentum tensor is given by
T = 8"¢(x)0" ¢(z) — " L, (5.3)

which gives

= $0;9. (5.4)

So that the angular momentum operator is

Ql' = %Eijk/dsl‘d)(l‘jakd) — xk83¢>)

a*¢’) [ap e™P* — al, €] [aq e — al €'4”]

el i e

—iBpt _ T _iBEpt
ap ']

= 2€ij/ 27T TE / ape
0 ) 0 ) )

k| _ . 9 35(3) _ P N 9 3¢(3) _ —iBgqt _ 1 ,iEqt

X (q [ z—aqj( m)36®) (p q)] q [ 15 2P (P - ) [age af €]

iBpt

_ aL eiEpt]

_ O / d’p By / ! [ap ™
279 | (2m)3 2B, ) (21)® \J2Eq " "
B,

X 57 (¢ [aqe™"" —al ) 26 (p —q) = (G & K)
J

. / dp [_, 0 (p*al) —
T 19 e [T %ap, 0P
_ ¢ d’p kol

— 4€ijk/(277)3 [ap (5 +p

normal order 16 / d3p (IT j
279 | (2m)3 7P

0 (p ap):| (.7 A k)

87
da

5ka kp) —(j <k

) pTD 5pj ] (.7 )

a
o 90
Pope " 8@-)“"’
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s
where in the last step eijkéf = 0 by antisymmetry, and after normal ordering the ap% term combines
with its conjugate. Acting the angular momentum operator on the quanta of scalar field

_ dq (0 0 t
Qilp) = §6ij/Waq (CI (97qk - 3%) Aqlp 0)
_d dq (9 9 35(3)
_WJW%(mqwmwmwm
~gein [ a5 (@lah) B - D) [0) + G+ ) 5.6)
! Ba (510t + 2% ) 5@ 0)+ (j < k
—§€z’jk q kaq+q87qk (Pp—a)|0) +(j < k)
) dal, dal
2€Uk (5] 5;“) aL |0) — 3 ik (p’(?pZ —pkE));) |0) .

The first term vanishes by antisymmetry of ¢;;, and symmetry of 87%. For the stationary state p = 0,
the second term also vanishes since p? = 0. Therefore

Qilp=10) =0, (5.7)

confirming that the quanta of the scalar field carry zero spin.

6. Non-Relativistic Quantum Field Theory, Q7

The purpose of this question is to introduce you to non-relativistic quantum field theory. This is the only
place you will encounter such a thing in this course. Consider the Lagrangian for a complex scalar field ¢
given by

L = +i* Oy — %w* Ve (6.1)

Determine the equation of motion, the energy-momentum tensor and the conserved current arising from the

symmetry 1) — €!®1). Show that the momentum conjugate to 1 is i)* and compute the classical Hamiltonian.
We now wish to quantize this theory. We will work in the Schrédinger picture. Explain why the correct
commutation relations are

[W(x), ()] = [1(x),$' 3] =0 and [¥(x),¢' ()] =Y (x~y). (6.2)

Expand the fields in a Fourier decomposition as

o dsp a eip~x
v = [ e (63
3
vl = [ ahe (6.4

Determine the commutation relations obeyed by ap and an. Why do we have only a single set of creation
and annihilation operators ap, a;r, even though v is complex? What is the physical significance of this fact?
Show that one particle states have the energy appropriate to a free non-relativistic particle of mass m.

Solution. G o )
T R T R T o

Therefore, the equation of motion is given by

. *_i 2 %
00" — 5V =0. (6.6)
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Taking, the complex conjugate, we find the second equation of motion,
~ L oo,

Now, consider the infinitesimal translation symmetry, «# — x* + €. The scalar field and the Lagrangian
transforms as

P(x) = Y (z) = Y(x) — *0,9(z), L — L—€e"9,L. (6.8)
The energy-momentum tensor with respect to v, is given by
oL oL
L=0,| =—=——0 0y | =—=——dv* 6.9
(sm™) + o (s &
oL oL
0=0, |e"L— [ =———=¢ VoL + | =—=—=0" | €“0, 0" 6.10
= 0=0, e~ (%) <00+ (gagov) <ov] Gy
oL oL
T = ( ——— | 0" — | 0" — "V L. 6.11
=7 = (5507) 7+ (g ) 7 G
Therefore,
T% = iyp* 0" — " L, (6.12)
and |
TV = 7%(8%*8% + 0"Po¥yY*) — ™ L. (6.13)

Now, consider the Noether current corresponding to the infinitesimal gauge transformation, 1) — (14+ia)v.
The Lagrangian remains invariant, and therefore the conserved current is given by

7% = —y*, (6.14)
and

J' =~ (0t — g a). (6.15)

_
2m
The classical Hamiltonian density is given by
. . 1 1
H=mp—m)+—VY* - Vi = —Vy* - V. (6.16)
2m 2m
The trivial generalization of the canonical quantization for real scalar field would be

[b(x),7(y)] = i8*(x —y) = [(x),4'(y)] =*(x~y). (6.17)

Expand the fields in a Fourier decomposition as

3
Y(x) = / (;iTp;g ap e, (6.18)
3
Pf(x) = / (;lﬂ_; a;f) e P, (6.19)
We find P
w6701 = [ 5 [ e e fapual] = 8 (x =), (6.20)
which means that
[ap, al] = (27)°6* (P — @). (6.21)

The relativistic equations are generally second order in time, and therefore can take both positive
and negative frequency, +F, = £+/p? + m?. Complex and Hermiticity then forces us to have two
independent set of creation and annihilation operator. For the non-relativistic case, the frequency
can only take either the positive or the negative value, which only requires one set of creation and
annihilation operator. This means that there is no antiparticle in the non-relativistic theory.
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The Hamiltonian operator is written as

3 3¢
L i [ 20 [0 et
" 2m 3
! (6.22)
- / PRy,
(2m)32m PP

Therefore, the energy of a single particle state is

1) = [ L L dhagah 0 = [ EEL af@ns'o-a)0) = £ o). (6.23)

7. Symmetry of the Feynman Propagator, Q8

Show that the time ordered product T{¢(x1)¢(x2)} and the normal ordered product : ¢(z1)p(x2) : are both
symmetric under the interchange of z1 and x5. Deduce that the Feynman propagator Ap(z1 — x2) has the
same symmetry property.

Solution. The time ordered product is given by

T{¢(z1)¢(w2)} = O(a] — 3)p(x1)d(x2) + O(a — a7)d(2) (1), (7.1)

which is clearly symmetric under exchange. The normal ordered product can be expanded as

dp 1 d’q 1 —ipz1 , t ipos —igzy ot iges
s o(z1)p(z2) © = @n)® oE, | @n? b, [ape + al, €] [aqe + al ']
dp 1 d3q 1 " i
_ —ipTy ,—1qT2 7.9
/ (27T)3 /2Ep / (27r)3 /—2Eq [Gpaqe e ( )

+ ipT1 ,—1iqT2 T —ipx1 ,iqT2 t 1 ipT1 jiqaa
+apaqee + agape e +apagee :

which is also symmetric (remember that p and q are dummy variables). The Feynman propagator is
defined as
Ap(z1 — 22) = (0| To(z1)p(22) [0) (7.3)

which is clearly symmetric as well.

8. Wick’s Theorem for Three Fields, Q9

Verify Wick’s theorem for the case of three scalar fields:

To(x1)p(2)P(x3) =:¢(1)P(T2)P(73): +¢(21)AF (T2 — T3)

+ ¢(22)Ar(z3 — 1) + d(23) AR (71 — 72). (®.1)

Solution.  Without loss of generality, assume x{ > 29 > 29. We can write,
T(¢10203) = ¢1 T(P2¢3) = ¢1 (: Pp2¢3 : +Ap (22 — 23)) (8.2)

where we applied Wick’s theorem for two fields. Splitting ¢1 = ¢7 + ¢#] and moving it inside the normal
ordering;:

P1: God3 =1 P1¢2¢3 : +[), 03] b3t O], B3] 1 2 (83)
where we used the fact that ¢; moves freely to the left inside normal ordering, while ¢ generates a
commutator with each ¢; . Since 2§ > 23 > 29, both commutators are Feynman propagators:

[¢7,¢7] = Ap(z1 — z2), (67, ¢35] = Ap(z1 — z3). (8.4)
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Substituting back:

T(p1d203) =: p1¢203 : +Ap(x1 — 22) : ¢3: +Ap(T1 — 3) : ¢2 1 +P1Ap(T2 — x3)
=: ¢(x1)P(z2)P(3) : +d(z1)AF(z2 — 3) (8.5)
+ o(x2)Ar(x3 — 1) + ¢(x3)Ar(z1 — 22).

This holds for any time ordering by symmetry of both sides under permutation of x1, zs, z3.

9. Scalar Yukawa Theory, Q10
Consider the scalar Yukawa theory given by the Lagrangian

£= 0,000+ 50,096 — M2 — Sm6” — gu* o, (9.1)
Compute the amplitude for

 “Nucleon-Anti-Nucleon” annihilation v 4+ ¢ — ¢ at order g

e “Nucleon-Meson” scattering ¢ + ¢ — ¢ + 1 at order g?

Solution.  There is only one diagram for the ¥ 4+ ¢ — ¢ amplitude to the first order. That is,
PR ¢ =iM=—ig. (9.2)

For the ¢ + ¥ — ¢ + 1 amplitude, we need to take account for the three channels. Take the s-channel
for example, we have

For the t- and u- channel, we simply replace s by ¢t and u. Since ¢ and ¢ are distinguishable particles,
t-channel does not contribute. Therefore, the total amplitude is given by

1 1
M—gQ(S_M2+t_M2>. (9.4)

This can be further simplified using
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