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1. Weyl and Dirac Representations of the Clifford Algebra, Q1

The Weyl representation of the Clifford algebra is given by

sy ()

Show that these indeed satisfy {y*,~7"} = 2n**, where 1 comes with an implicit 4 X 4 unit matrix. Find a
unitary matrix U such that (v)* = Uy*UT, where (7')* form the Dirac representation of the Clifford algebra

=0 %) o= 7): (12)

Solution.  Write o* = (1,0), and 6* = (1, —0). Th anticommutator is given by

0 o 0 o¥ 0 o¥ 0 ot
BV
“’”"(M 0><JV 0>+<o” 0)(0“ 0)
_ (o*a¥ + oVt 0 (1.3)
- 0 oto¥ + a¥ot

= 2n¥1.

U diagnolise 7°, and left the rest unchanged. Therefore, we find

U= % G 11> . (1.4)

2. The Lorentz Algebra from Gamma Matrices, Q2

Show that if {y*,7"} = 2", then
R T e e i G S G U i T (2.1)

Show further that S* = 1[y#,4"] = (y#4” — n**). Use this to confirm that the matrices S* form a
representation of the Lie algebra of the Lorentz group.

Solution. Note that
o e T e e L e L R (2:2)
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Then, Hence, we find

i Y = My — Y
= 2y = 2t Sty (2:3)
= 2 My — 2Nyt 4 R — 2R Ry
Hence, we find
[y, ] = 2y — 2t - 2t = 2y, (24)
Similarly,
v 1 v v
St = (" =)
1
= 1@ = 2:m™) (2.5)
1 wov v
= 507" =)

The Lie algebra is given by

K v 1 K 174 K v VvV _ K VvV _ K K v VvV _ K
[S%*, 5~ J=700 YAy — Ay — A — gttt Al gy Ry
= ih“’y*,’y”v”]
1 K _ UV K 124 1% K RV
= 7 @My = 2ty oyt — 2yt (2.6)
1

_ 5 ( /\u,ym,yu _ nmu,y/\,yu + nAD,YM,yK _ nnu,yu,y)\)
_ 77)\;1, (sz + %nnu) . nnp, (S)\V + %77)\1/) + ,r])\l/ (S[LH + %T’[LK/) . nm/ (Sp,)\ + %77/,1)\)

_ ,r])\MSHV o nnus)\u + nAuSNH o nNVSM)\.

3. Trace Technology and Gamma Matrix Identities, Q3

Using just the algebra {y*,~7"} = 2n*¥ (i.e. without resorting to a particular representation), and defining
7P = —i0y14243, P =puy" and SH = %[7", ~¥], prove the following results: (Some useful tricks include the
cyclicity of the trace, and inserting (v°)? = 1 into a trace).

i Try* =0
ii. Tr(yHy”) = 4n”
iii. Tr(y#4Y~P) =0
iv. (v°)2=1
v. Tryd =0
Vi pg=2p-q—dp=p-q+25"puq
(Pd) =4p-q
(

vii. Tr
Tr(p,---p,) =0if nis odd

ix. Tr(p,popap,) = 411 - p2)(P3 - pa) + (P1 - pa) (P2 - P3) — (P1 - p3)(P2 - Pa)]
X. Tr(fy5p1p2) =0

xi. yupyt = —2p
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Xil. Yup P = 4p1 - p2
xiii. 7#?13”2?37“ = _2p3p2p1
xiv. Tr(v°p,Popap,) = 4i €uvpo P PEPEDT

i.

ii.

iii.

iv.

vi.

Vii.

viii.

ix.

xi.

Xii.

xiii.

Xiv.

Solution. Let us consider spinors in d-dimensions.

Trivial.

Tr{y#"} = 20" Tr{1} — Tr{y"+*} = Tr{y*y"} = dp™”. (3.1)
Tr{v#7y"77} = = Tr{y"7"7*} = Tr{y"7"+"} = = Tr{r*7"7*} = 0. (3.2)
()2 = VP = AP = Py = 1 &3

Will turn out to be trivial using the general trace of for ~-matrices.
P4 = Puq (20" —¥"y*) =2p-q — dp = pug (" +25"") =p- ¢+ 25" puq,. (3.4)

Tr{pg} =dp-q. (3.5)
Follows from iii by induction.
Te{v*v'v* 7} = 20" Te{y*¥*} — 0" Te{y* ¥} + 0> Te{y"+*}) — Te{v*+*v*+*}
= Te{y"y"yP7 ) = dr e — o + ) (3.6)
= Tr{zﬁl%%m} =d[(p1-p2)(p3-pa) + (p1 - pa)(P2 - p3) — (P1 - P3)(P2 - Pa)] -

. A cleaner argument: by anticommutation of 4° with all v*, the trace is totally antisymmetric in

(1, v). The only available rank-2 tensor in 4d is n*¥, which is symmetric. Hence the trace must

vanish:
Tr{75p1p2} = 0. (3.7)
Insert 7,v"y” = d1 and use {y*,7"} = 2n*":
YY" = P = 0o (2ny = Y =2p —dp = (2 — d)p = —2p. (3-8)

Apply the previous result twice. Using v,7"v?y* = 4n"? (proved similarly):
Vup P 7" = Prup2pu Y V" = 4p1up2on”’ = 4p1 - pa. (3.9)
Similarly v,y v?y°y* = —2v°yP4", hence
VP PP = 2P P (3.10)

By the same antisymmetry argument as in (x), the trace ﬂ{v5plp2p3p 4} must be totally antisym-
metric in the four momentum indices. The only such rank-4 tensor in 4d is e#**?, so

Tr{P7#7" P77} = cetre. (3.11)
The constant c is fixed by setting (i, v, p,0) = (0,1,2,3):
Te{y*y" ' y*y°} =i Tr{y"7°} = 4i, (3.12)

using v° = —iy%y192y3 and (7°)? = 1. With €°123 = —¢p193 = —1, we find ¢ = —4i, giving

Tr{75p1p2p3p4} = —4i €po PLPIPEDS.- (3.13)
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4. Plane-Wave Spinor Solutions and Orthogonality, Q4

The plane-wave solutions to the Dirac equation are

s _ D 0-58 s _ D 0-58
e = (VI8 o) = (V7L (11)
where o# = (1,0%) and 6 = (1, —0") and &%, with s = 1,2, is a basis of orthonormal two-component spinors,
satisfying (¢7)1 - €% = 67, Show that
u"(p)" - u*(p) = 2po6™ (4.2)
u"(p) - u’(p) = 2md" (4.3)
and similarly,
" (p)T - v*(p) = 2pod™ (4.4)
v"(p) - v*(p) = —2md"* (4.5)

Show also that the orthonality condition between u and v is

u*(p)-v"(p) =0 (4.6)
while taking the inner product using { requires an extra minus sign
u"(p)f-v*(—p) = 0. (4.7)

Solution.

W) m) = (Voater Vpater) (V%)
=5 [\t oo + - 0) -7 (+8)

= 26"/ (p-o)(p- o),

Since the Pauli matrices are Hermitian, we find

u"(p)T - uf(p) = 20" (p-0 +p-G) = 2ped"". (4.9)

Similarly, we find

vt = (VT e ()
- [\/(p'“)(p"’”*\/(p"’)(p"ﬂ)} (4.10)

=20"\/(p-o)(p-0)

=2md"?,
where we have expanded p - o and p - ¢ and evaluated them explicitly.
Similarly, one can easily obtain

" (p)T - v*(p) = 2po6™ (4.11)
" (p) - v*(p) = —2md"". (4.12)
Now, we demonstrate the orthogonality condition,
T o7 — C=Tetfr . fr D- Ugs _
w@) o) = (Voater vrater) (L) o (4.1
by Hermiticity of Pauli matrices. Similarly,
@ . 08(—p) = . tr C=tetr Vﬁ'0§5
u'(p)" - v*(=p) (\/p ofg /p-oig ) (mgs) : (4.14)

where p* = (pp, —p). Now, note that p-o = p- &, we see that the above inner product vanishes.



6 CANONICAL QUANTIZATION OF THE DIRAC FIELD, Q6

5. Spin Sums and Completeness Relation, Q5

Using the same notation as Question 4 show that

(5.1)

(5.2)

where, rather than being contracted, the two spinors on the left-hand side are placed back to back to form a

4 x 4 matrix.

Solution.

Zus(p)as(p) = 22: <\/\/§:Z§z> (, /p-atets \/p- ngfs)

The latter sum can be obtained by considering

2 2 2
St =5 — S E(EP ) =€ €0 = €l = dap.

s=1 s=1 s=1

Therefore, we find

Almost identically, we find

6. Canonical Quantization of the Dirac Field, Q6

The Fourier decomposition of the Dirac operator 1)(x) and the conjugate field 1 (x) is given by

2 3
060 =3 [ (e B () g (o) e

V2E,
- d3 1 t —ip-Xx S .8 ip-x
61609 = 3 [ s g [ W) e et

The creation and annihilation operators are taken to satisfy
{bp, b5/} = (2m)%67 6P (p - q)
{ep, it = 2m)%67 6% (p —q)
with all other anti-commutators vanishing,

{00, b5} = {ch, gt = {bh, il = {bh, 5} = ... =0.

(5.3)

(5.4)

(6.1)

(6.2)

(6.5)

Show that these imply that the field and its conjugate momenta satisfy the anti-commutation relations,

{a(x),¥s(y)} = {0h(x), ¢} (y)} =0
{$a(x), 5(y)} = das 8P (x —y).

(6.6)
(6.7)
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(Note: The calculation is very similar to that for the bosonic field, but at some point you will need to make
use of the identities (5.1) and (5.2)).

Solution. We compute {1, (x), %Tg(Y)} directly. Substituting the Fourier decompositions,

{a(x), ¥}(y)} = Z/ Jﬁ/

< |03, bf;}u;@)uf;<q>eip*-m (6.8

T {e, c;}v:xp)v;*(q)efp"‘“‘*ﬂ

where all cross terms {b,c} and {b, ¢’} vanish. Then,

dp 1 , ,
T _ v L s s ip-(x—y) s st —ip(x—y)
Wa(x), ¥5(y)} = / @n) 28, ; [ua(P)uﬂ (p)e +va(p)vg' (p)e } : (6.9)
Now we use the spin sum identities. Note that @ = ufy% so uf = a4, giving
ZususT = Zususvo = (p+m)°, sz i = m)y°. (6.10)
Substituting back,
t dgp 1 0 ip(x—y) 0 —ip-(x—y)
a0, U0} = | o bm gz [P+ m)as0®)aae™ Y + (p = m) (1) 5 . (6.11)
(2m)3 2B,

Expanding p = poY? — piyt and using (7°)? = 1, the m terms cancel between the two exponentials after

relabelling p — —p in the second integral, and the p;4'7° terms also cancel by the same relabelling.
What remains is

d’p 2P0 (10,0} oip-(x=)
(00,0} = [ 55 e 0" e

A°p  inx—
= 60[ zp-(x y) = 50( 6(3) - .
ﬂ/(2ﬂ_)36 B (z—y)

(6.12)

The vanishing of {14 (x),¥s(y)} follows similarly, since the cross terms {bp, cff} = 0 and the surviving
terms {b,b} = {cf,c'} = 0 all vanish.

7. The Dirac Hamiltonian, Q7

Using the results of Question 6, show that the quantum Hamiltonian
H= /d3x Y(=iy'0; + m)ap (7.1)
can be written, after normal ordering, as

dS
H= / bSTbS +efes]. (7.2)

(Note: Again, the calculation is very similar to that for the bosonic field. This time you will need to make
use of the identities derived in Questions 4 and 5).
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Solution.  Substituting the Fourier decompositions and using ¢ = 1f~?,

" Z/dg / \/ﬁ/ (7.3)

X [baTur(q)Te_lq x4 cavr(q)Te'Hq'x] [b;u‘ (p)et P> — c;Tvs (p)e_ip'x}

where we applied (—i7%0; + m)u®(p)e’P* = E, ’yo Se'PX and (—i7'0; + m)vie P* = —F ’yo Sg—IPX
from the Dirac equation, and used (7°)? = 1 to cancel the 4° from ) = 40, Integrating over d®z gives
delta functions, setting q = p for diagonal terms and q = —p for cross terms:

dp Ep 5 e . . .
"= Z/ )% 2E,, [ "(p) " (p) by, — v ()0 (p) g

(7.4)
+u" (=p)f (—v*(p)) 07T csf + 0" (—p) Tt (p) €7 b3 |-

The cross terms vanish by the orthogonality relation u”(—p)fv*(p) = 0. Applying the normalisation
u"(p)Tu®(p) = v"(p)Tv*(p) = 2Ep6"* from (5) and (6),

H = Z/ dp3 pbsTbS—ccT]
—Z/ dpE [tatbs = (—eafep + (2mP6@ (0)) ]

After normal ordering, the vacuum contribution §)(0) is discarded and the sign of the ¢ term flips,
giving

(7.5)

d 2
H= / P b“bs +efes]. (7.6)

Note the crucial sign difference from the bosonic case: here normal ordering the anticommuting cf)cfj

flips the sign to give a positive contribution, whereas for bosons it produces an infinite additive constant.

8. The Spin-Statistics Theorem, Q8

The purpose of this question is to give you a glimpse into the spin-statistics theorem. This theorem roughly
says that if you try to quantize a field with the wrong statistics, bad things will happen. Here we’ll see what
goes wrong if you try to quantize a spin 1/2 field as a boson. We start with the usual decomposition (11).
This time we choose bosonic commutation relations for the annihilation and creation operators,

b, by'] = (2m)*67 6 (p — q) (8.1)
[eps ] = —(2m)°6"* 6@ (p — q) (8.2)

with all other commutators vanishing. Note the strange minus sign for the c operators. Repeat the calculation
of Question 6 to show that these are equivalent to the commutation relations,

[Ya (%), 5 ()] = Wl (%), ¥ (y)] = 0 (8.3)

[a(), $5(¥)] = das 6@ (x — y). (8-4)

Now repeat the calculation of Question 7, to show that, after normal ordering, the Hamiltonian is given by
dsp : S S S S

H:/WEP > [bafes — eples] - (8.5)

This Hamiltonian is not bounded below: you can lower the energy indefinitely by creating more and more ¢
particles. This is the reason a theory of bosonic spin 1/2 particles is sick.
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Solution. The calculation proceeds exactly as in Questions 6 and 7. The field commutator gives

ol 00 = [ i 3 [

(2r)° 2B 5 () (p)e ) — v2 (p)u3 (p)e P V)]
3
= / (gﬂ)g Q;JP [(? + m)'YOeip‘(x—Y) — (p — m)voe—ip.(x—y)} . (8.6)

= dap 6 (x —y)

where the minus sign from [c, ¢!] = —(27)26®) cancels the minus sign in the vo spin sum, reproducing
the same result as the fermionic case. For the Hamiltonian

H = Z/ dp bsTbs —l—cscsT]

dp (8.7)

bsfbs +egtes + (2m)26@) (0 )}

Note that now cf,cfj = cSpTcs aF (277)35(3)(0) since these are bosonic operators. After normal ordering,

Bp o
H= / = Ep Y [bsfbs — cifes)]
s=1

where the minus sign arises from the [c, c¢/] = —

(8.8)

(27r)35( ) relation flipping the sign under normal ordering.
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