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1. Sheet 3, Problem 1: Critical Exponents of the O(/N) Model
For N real scalars in d = 4 — ¢, take
a |1 2, M 2
Rld) = [ dte [5V07 + 500 + 9067

The supplied flows for § = A~ ¢g are
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(1.2)

Find v at the Wilson-Fisher fixed point. Assuming n = O(e?), determine «, 3,7, d to leading order in e.

Solution. To first order in €, the Wilson-Fisher fixed point is given by
1N +2 272
2 2
=——"——¢€A o = .
M=o N8 T Nts”

Let us consider the RG flow near the W-F fixed point, which is

@ (o) _ (2t 32 (14 40820 a2\ (32
ds \ 09 0 = g )"

which has eigenvalues \; = 2 — %—Ige and Ay =

At = A\1. Then, by

£ ¢TI~V T, t (P,
we find 1 1 1N+2
& 4 Lwars 2
v=x, “ataingsetOE)
From this, we can evaluate the remaining critical exponents.
e &
ot?’
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Then, consider

1
¢N£_A¢NtUA¢ —t ﬁ:l/Aqﬁ:f
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(1.3)

(1.4)

—e. Since §u® ~ t, the first eigenvalue is precisely

(1.5)

(1.6)

(1.7)

while F' = [d%f, and hence [f(t)] = —d. Therefore, f ~ £=¢ ~ t¥® which implies ¢ ~ t*4~2, namely

(1.8)

(1.9)
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where we have used the fact that n = O(€?). By the term [ d%zB¢, we now that Ay + Ap = d, and
_ 0% o AgtAs | (By-Ap)
=2 i , (1.10)
which implies
= —v(Ay — Ap) = —v(2A —d)—1+u + O(€?) (1.11)
Y= -V 1) B) = —V 1) = Q(N—I—S)E € ). 0
Finally,
6~ EDs o BB/BE —y 5= % ) (1.12)
[

2. Sheet 3, Problem 2: Flow Between Gaussian and Wilson—Fisher Fixed
Points

Along the flow of Problem 1, 2 = O(e€). At leading order, write

dj . N+8_, .
g — 5 = —A§(g — g). 2.1
1 255 G(9 — 9+) (2.1)

Determine A, g4, then solve the flow from gy at s = 0 to obtain

~rN 9
96 = T 0= g 22)

Solution. Clearly,

N +38 272
= = : 2.
oz T Nis€ (2.3)
Then, )
7 dg s 1—9./g ~ s
7:—14/ ds' = log —7 = _Ag,s — §(s) = . 2.4
~/go g(gfg*) 0 179*/90 ( ) 17(179*/90)6765 ( )

3. Sheet 3, Problem 3*: Cubic Anisotropy and Fixed-Point Stability

Add an O(N)-breaking interaction to Problem 1:
N
Falo) = Fafol + [ alen Yot (31)
a=1

Establish the necessary positive definite condition g+ > 0. For § = A~¢¢g and A = A\, use the given flows

dj . N+8_, 3 - d\ < 6 < 9 o,

ds 9T oz 9 7729>\’ ds A 7729)\ 27r2)\ ' (3:2)
Find the Gaussian, Heisenberg (A = 0), Ising (§ = 0), and cubic (§A # 0) fixed points. Check the cubic point
against the positive definite condition. Determine the stability of every point in the (g, \) plane, and plot the
RG trajectories separately for N < 4 and N > 4. Hint: The determinant and trace determine the eigenvalue

signs of a 2 x 2 stability matrix.

Solution. For the free energy to be stable, we require the quartic part to be positive definite.
Therefore, we must have

N 2 N
g(Zqﬁi) +AD 6h>0 (3.3)
a=1 a=1
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for all nonzero field configurations. Taking only one component to be nonzero implies g + A > 0. By

solving
5 N +8 3~
g (6 T o 97 ﬂz/\) =0, (3.4)
- 6 9 -
we find four fixed points: :
Gaussian: A=0,9=0, (3.6)
- 22
Heisenberg : A =0,g = N7—T|— 56 (3.7)
- 972
Ising : A= %e,g —0, (3.8)
and 2N _ 4) )
. = 2T —4) _ _ 2T
Cubic: A= o ©9=3N°¢ (3.9)

The cubic point satisfies this necessary condition for N > 1, since § + A = 2x2(N — 1)e/(9N) > 0.

At GF, we have
d (6G\ (e 0\ (0§
ds <5X> = (0 e) <5X> ! (3.10)
so GF is unstable in both directions. At IF, we have
d (65 _( ¢/3 0\ (6§
ds (65\) a <—46/3 —€> <(55\> ’ (3.11)
so it is unstable in the (1, —1) direction and stable along the X axis. At HF, we have
d (0g\ _ (—e —6e/(N + 8) g (3.12)
ds \OX 0 (N—4)e/(N+8)) \or)" :

The eigenvalues are —e and (N —4)e/(IN +8). Thus HF is stable for N < 4 and unstable in one direction
for N > 4. Finally, at CF, we have

d (6g\ _ [ —(N+8)¢/3N —2¢/N 6g (3.13)
ds \6A) — \—4(N —4)¢/3N —(N —4)e/N ) \6\/) " ’
The matrix has eigenvectors and eigenvalues
AL = —¢€ v = 3 (3.14)
1 ) 1 N _ 4 *
N —14 -1
)\2:— 3N &, ’02:<2). (315)

Therefore, for N > 4, CF is stable in all directions, while for 1 < N < 4 it becomes unstable in the v
direction. At N =4, HF and CF coincide and one eigenvalue vanishes.
From these we can draw the RG diagrams.




4 SHEET 3, PROBLEM 4*: THE SINE-GORDON PERTURBATION 4

Cubic anisotropy RG flow (7 = ¢s; arrows point toward the IR)
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4. Sheet 3, Problem 4*: The Sine—Gordon Perturbation

In two dimensions with ultraviolet cutoff A, consider
1
Flol = [ e | 376" - xocostho)|. (4.1)

Determine the engineering dimensions of 3y and XAg. Split ¢y = ¢, + (bif , with the plus modes supported on
A/¢ < |k| < A, and define their position-space fields. Integrate out the plus modes to first order in Ag to
derive

Flo7] = / ¢’ B(W‘f — o (cos(fo(é” + ¢+))>+] : (42)

Define (-)+ and evaluate it, showing that the cosine coefficient becomes Ao¢ —83/(47) | Hence find the relevance
threshold 32 = 87. Hint: Expand the cosine into exponentials and use Wick’s identity from Sheet 2, Problem

8, together with
A2k efik-(wfy)

T(z)pt = _ .
(6 (2)6" (W) /A/K,,M GrE (43)

in the coincident-point limit.

Solution. Naively, the engineering dimensions are [¢] = 0, [Bp] = 0, and [\g] = —2. Splitting into
¢x = @) + ¢y, the partition function becomes

De~FI9l = / Do~ Dpte Fl9l — / Dy~ Fl7] (4.4)
k<A k<A/C AJC<k<A k<A/C

where

e F'67] = g~ Folé7] DeteFole"] (1+ Xocos(Bo(¢p™ +¢T)) + O(ND)). (4.5)
A/C<k<A
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Therefore, we find
1
Plo] = [ e |3(067)7 t0g (140 Ccos(fulo + 61)), +003) |
(4.6)
1
= [ & 356757~ (eos(iu(o™ + 87)), +009)].
The correlation function can be written as
1 a e . = 5 4t . —
- + _ - iBod iBo¢p —ifod —ifo¢p
(cos(Bo(¢™ +07))),. = . [<e >+e + <e >+e } : (4.7)
Using the Wick identity, we find
iBodt\  _ [o=iBodt\ _ Loyt _ L
(o) = (e —exp (=38 (670167 0), ) =exp (- 58 ouc) (43
Plugging back into the free energy, we find
1 2
F'lg7] = /dgw {2(V¢_)2 — X Po/Am cos(b’oq[)_)] : (4.9)
Rescaling the UV cutoff back to A, namely k’ = ¢k and x’ = x/(, we find
A(C) = ¢Fa/amt2 ). (4.10)
Therefore, the potential it relevant when 33 < 87 and irrelevant when 53 > 8.

5. Sheet 3, Problem 5: Renormalisation of a Fluctuating Membrane

For a two-dimensional membrane in three-dimensional space, use

Flh] = /de [TZO(Vh)Q + %(1 + (wf)‘”%v?m?} . (5.1)
Expand it through quartic order as
2 |To 2, Ao o2y 2 9Ao 2(v727)\2

Find the engineering dimensions of h,rg, Ag. Separate F' = Fjy + F} into quadratic and quartic pieces and
split hy = hy + hi with A/¢ < |k| < A for k. Derive the Gaussian fast-mode covariance

(271’)26(]{71 + k‘g)

hERE )4 =
e Py )+ rok? + ok{

(5.3)
Fourier transform FJ, isolate the term that renormalises (V2h)? while ignoring field renormalisation, and
derive d\/ds ~ —5/(4m) for ¢ = e®. Does short-distance fluctuation make the membrane more or less flexible
in the infrared?

Solution.  The engineering dimensions are [h] = 1, [rg] = —2, and [Ao] = 0. We read off Fy[h;'], which
is
d*k ([ A
+_ 70,2 A0ja) 4t
Folhi] = / o <2 B+ 22k >hkhk. (5.4)

This immediately gives
(2m)26(k1 + k2)

REREY, =
< b k2>+ Tok% A Aok%

(5.5)
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The interaction free energy is

5)\0 d2k;
Filh] = H k1 Ko k2k2 hae, hie, Pae, ha, (270)2 Zk (5.6)

We shall focus only on the lowest order here. Using
F'lhe] = Follyc] + (Frlho g D+ (5.7)

the only contributing term in (F7) at this order is

5A°/H it k- kok3R3 (B il ) o b, (Zk) (5.8)

Note that there is no polynomial factors here. This gives

5\ [ d*k d’q ., 1 o
_T/ (2m)2 (27)%2 " 10 + Nog? I (59)
Since Ag has engineering dimension zero, and the canonical term remains unchanged, we find
50 /A q
A =X —2 dg————+--- . 5.10
© =22 g% [ dots (5.10)
Recall
d A
| datta) = Ar), (511)
S Ae—5
which gives
2
d\  5h A 5 (5.12)

ds  drro+aoh? T T

where we have assumed A% >> 79/)\g. Therefore, by integrating out the short distance behaviour, Ag,
which measures the stiffness of the membrane, becomes smaller. That is, short-distance fluctuation
makes the membrane more flexible in the IR.

6. Sheet 3, Problem 6: Integrating Out Two Coupled Order Parameters

Consider fields ¢1, ¢ with independent sign flips and

2
Flgr, ¢2] = /ddx lz ( (Véi)* + ¢ + 9i9; ) + )\¢%¢§] : (6.1)
i=1
Set u? = 0 and integrate out short-wavelength modes in d = 4 — e. Show, for a common constant I, that
dg; dX
dgs = eg; — (3697 + \?)I, T (8A% +12)g;1 + 12)ga)1. (6.2)

Find the fixed points and show that the stable one has enhanced O(2) symmetry.

Solution. Recall ]
F'l¢7] = Flo7 ]+ (Fr)+ = 5[(FD)+ = (FD3] + - (6.3)

We shall keep p? = 0 through out the calculation, and hence neglect the running of it as well. (Fr)4 has
no contributing terms to the running of A, g;. The leading order contribution comes from 1[(F?) —(Fr)%].
The contributing diagrams are
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3692 A2

02 : >:::< + >:::<
(R — _)\g_/

36932

12)\g1 12>\92

where the black line denotes ¢; and the red line denotes ¢5. The factor of 36, for example, comes from

2
(;) . All of these diagrams involves the integral

— (1 + O(ky, ka)), (6.4)

A gdg 1 /A A%k 1
AJC (27T)d k4

flly +kg) = /A/c @) k2(k + ki +kz)?

where we can ignore terms including external momenta, since these generate terms of the form
(¢7)2V2(¢~)2. These are irrelevant terms which we are not interested in. Since the couplings has

engineering dimensions [g;] = [\] = —¢, by rescaling we find
9i(¢) = ¢%[g: — (3697 + A*) F(0)] +-- -, (6.5)
Q) = ¢ — (12Xg1 + 12Ag2 + 8N f(0)] + -+ - . (6.6)
Using

ds (2m)d ~ 8n2’

df(0) _ Qa1 yaa _ A 67

Introducing the dimensionless couplings §; = A~¢g; and A = A=\ and differentiating with respect to s,
we find .

dg; 1 2 D) 1 2
—egi— — (3602 4+ 22), D —ex— —(8)\2 4 12)g; + 12)gn), 6.8
ds . 87r2< g +X%) ds ¢ 87r2( + g1+ 92) &)

where we have suppressed the tilde.
Let’s find the fixed points of the theory by solving

1
0=¢eg — @(%g% + 22, (6.9)
1
0=cgs— 8?(3695 +A%), (6.10)
1
0=\ (6 - 8?(8)\ +12¢g; + 1292)) . (6.11)

Clearly, it has a trivial Gaussian fixed point A = g; = 0.

For A = 0, we have
g=0 or g =—r¢ (6.12)

giving the three additional fixed points

972 972 272 22
(91,92, \) = (ge,o,o), (O,ge,0>, (ge, ge,()). (6.13)
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For A # 0, combining the first two equations gives

9
(g1 —92) |e— Tﬂg(gl +g2)| =0.

The nontrivial solutions have g3 = go = ¢g. The third equation then gives
A\ = 72e — 3g.

Substituting this into the first equation gives

45¢% — 14m2%eg + 12 = 0,
and hence
72 A\ 272
= = —67 = 6’
g1 = g2 5 5
or
72 272
91192136, )\:?6

Expanding about
A=A + 6, 9i = Gix +04i,

the linearised flow is

d oA oA
s dg1 | =M | dg1
g2 092
The stability matrix is
AN, + 391 + 3924 3\, 3\,
a— e X
212 212 212
_ )\* 991*
M= 4n? TR 0
)\* 992*
 4q2 0 TR
At the Gaussian fixed point,
1 0 0
Ma=c|0 1 0],
0 0 1

so all three eigenvalues are positive. Hence the Gaussian fixed point is unstable in all directions.
For the fixed point

272
(91*392*7>‘*) = (963030> )
we find
2.0 0
M=€e|0 -1 0
0O 0 1
The eigenvalues and corresponding eigenvectors are
9 1 0 0
w1 = ge, v = 0 , Wy = —E€, V2 = 1 ,W3 = €, V3 = 0
0 0 1

Thus this fixed point has one stable and two unstable directions. The fixed point

272
(91*592*, )\*) = (O, 96,0)

is equivalent under g; <> go and has the same stability properties.

(6.14)

(6.15)

(6.16)

(6.17)

(6.18)

(6.19)

(6.20)

(6.21)

(6.22)

(6.23)

(6.24)
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For the decoupled fixed point

or? 272
(9155 G20, M) = | =€~ €0, (6.25)
9 9
we obtain
: 0 0
Mgec=€| 0 -1 0 (6.26)
0o 0 -1
Hence )
wy = §6’ Wy = w3 = —¢, (6.27)

with eigenvectors along the A, g1, and go directions respectively. Therefore, this fixed point is stable in
the g1 and go directions but unstable to switching on A.

For ) )
s 2
Jix = g2+ = ?63 )\* = 76, (628)
we find
% -1 -1
M=c|l-g 0 0] (6.29)
-1 0 o0
Its eigenvalues are
1
w; = —€, wy =0, w3 = 36, (6.30)
with corresponding eigenvectors
6 0 =2
v = 1 y Vo = —1 s V3 = 1 0 (631)
1 1 1

This fixed point therefore has a stable direction, an unstable direction, and a marginal direction at this
order, and is not IR stable.
Finally, consider

2 272
91 = 922 = =6, A = =& (6.32)
The stability matrix is
~2 _3 _3
M, = —i —Z 05 6.33
0(@2) = ¢ 10 5 : (6.33)
L g _4
10 5
Its eigenvalues are
4 1
W1 = —€, Wy = —56, W3 = —56 (634)
with corresponding eigenvectors
2 0 —6
v = 1 5 Vo = -1 5 V3 = 1 o (635)
1 1 1

Since all three eigenvalues are negative, this fixed point is IR stable.
Moreover, at this fixed point A, = 2g4, so the quartic interaction becomes

9+(61 + 92) + X3 = 9. (67 + ¢3)*. (6.36)

Thus the stable fixed point has an enhanced O(2) symmetry, as required.
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