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These prompts paraphrase David Tong’s The Standard Model, Example Sheet 2 (February 2026). Problem
numbers, starred status, equations, and guidance follow the official sheet.

1. Sheet 2, Problem 1: Broken Discrete Symmetry

Construct a polynomial potential for a complex scalar ¢ whose Z symmetry breaks spontaneously. Identify
every ground state.

Solution. The potential
1
V(g) = NP — SN + ™) (1)

is invariant under Zy : ¢ — e2™*/N¢_ Therefore, the vacuum is given by

/,L2 1/N
_(* 27ik/N
Vg, (2>\> e . (1.2)

2. Sheet 2, Problem 2: Matrix Order Parameters and Goldstone Modes
Let M (z) be a complex N x N matrix with A > 0 and

S = /d4x Tr [8“MT6‘“M — kMM — %M*MM*M . (2.1)

i) Show invariance under M +— AM BT for A, B € U(N) and identify the U(1) subgroup of U(N) x U(N)

that acts trivially.

ii) When k£ < 0, show that a vacuum satisfies M(])LMU = v?1. Find the unbroken group, describe the
vacuum manifold as a coset, and count Goldstone bosons.

iii) Add [d*zh(det M + det MT). Determine the new symmetry group and the Goldstone count if the
vacuum still has M(])LMO =021 with v # 0.

Solution.

i) The invariance is trivial to see. For A = B € U(1), the transformation is trivial.


https://davidtong.org/pdfs/teaching/standard-model/rw2.pdf
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ii) The differentiation of the potential with respect to M1, we find
O (Austveart i i i k
W §M0M0MOMO aF k‘MOMO = MO()\MOMO ar k) =0 = M()MO = —Xl. (22)

Therefore, the vacuum must take the form My = vU with U € U(N). We can choose U = 1.
Under U(N) x U(N), the vacuum transforms as

vl — AvlBf. (2.3)

Therefore, the vacuum is invariant for A = B € U(N) . Therefore, the stability group is given
by H = U(N), while the coset space is G = (U(N) x U(N))/U(N). Therefore, the number of
Goldstone bosons is dim G = N2.

iii) With this additional term, the symmetry reduces to A, B € SU(N), namely SU(N) x SU(N). If
the vacuum still takes the same form, then the stability group becomes H = SU(N). Hence, the
number of Goldstone bosons becomes dim SU(N) = N2 — 1.

3. Sheet 2, Problem 3*: Fundamental Higgs Fields in SU(2) and SU(N)

For a fundamental SU(2) scalar ¢, (a =1,2), use
S = /d4x {—; Tr(F F*) + D, ¢' D' — %(q% - UQ)Z} , (3.1)

where F,, = 0,A,—0,A,—ig[A,, A)], D¢ = 0,0—igAu¢, and T* = 0®/2 in the fundamental representation.
Find the particle masses. Generalise to a fundamental scalar in SU(N): after condensation, what symmetry
survives, how many gauge bosons become massive, and how many real scalar components are eaten?

Solution.  For SU(2), we can choose the vacuum to be

o = (S) . (3.2)

Therefore, all of the symmetries are broken, and we can reparameterise the scalar field as
_ 0 in(2)T* | Fy
6@ = (44 o)) © , (33)

where F; is chosen to by v so that the kinetic term of 7 is canonically normalised. The gauge boson
acquires a mass through the term

GPA AP |92 = v g2 A AR - (3.4)
where m4 = v/2vg. The 7(z) field is eaten by the gauge bosons. The mass of o(z) is given by
M?|p)? = e + -, (3.5)

which gives m, = v2\v.
For SU(N), a choice of vacuum could be

do=1|:1- (3.6)

Therefore, the stability group is H = SU(N — 1), and hence the coset space is G = SU(N)/SU(N — 1).
Therefore, we can reparameterise the scalar field as

0
o(z) = mm : et @I/ Fr (3.7)
v+ o(x)
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where T are the generators of G and a = 1,--- ,dim G. For consistency, ¢(z) has 2N degrees of freedom,
while 7(z) has dim G = 2N — 1 degrees of freedom and o(z) has 1 degree of freedom. All of the 7 are
eaten by the gauge fields. Therefore, there will be 2N — 1 massive bosons.

4. Sheet 2, Problem 4: Adjoint Higgs Breaking Patterns

An SU(N) adjoint scalar is a traceless matrix ¢ = ¢ATA with D,¢ = 0,6 — ig[Au, ¢|. Explain why a
potential minimum can be represented by

®o :diag(vlv“'aUN)v Zva =0, vy <vaq1. (41)
Classify the residual gauge groups according to coincidences among the v,.

Solution.  Given a vacuum ¢g, we can always diagonalise it by U¢oUT, where U € SU(N). Therefore,
we can choose the vacuum to be

¢0 = diag(vla coo 7UN)3 Va § Va+1- (42)

Since T4 are traceless, we must have Tr ¢g = 0, which implies > o Va = 0. For a gauge transformation
generated by T4 to be unbroken, we must have

[T4, ¢o] = 0. (4.3)

In general, we have
T4, golix = > Tio5k0k — > 6550 T = (vi — v03) T4 (4.4)
J J

Therefore, there are no restrictions on Tj;, which gives N — 1 unbroken generators. Meanwhile, we
must either have T;; = 0 for all ¢ # k, or v; — v = 0 for some i, k. Therefore, the number of unbroken
generator is equal to the number of identical eigenvalue pairs. Suppose each distinct eigenvalues have

multiplicity n;, they give
s
2y (5) => (m2-mn;)=> nZ-N. (4.5)
J J

J

Therefore, the total number of unbroken generators is

> ni-1 (4.6)

5. Sheet 2, Problem 5*: One-Loop QCD Scale

For SU(N.) with Ny massless fundamental Dirac fermions, use

1 1 11N.—2N;  A?
—_— = - - log =2V 5.1
T LT 1)

Taking as = g?/(47r) ~0.12 at p = Mz ~ 90 GeV, estimate Aqcp if every quark lighter than My is treated
as massless. How can the estimate be made more realistic?

Solution. Taking the physical scale, we have

1 1 11N, — 2Ny i
— 5— log

—_— 2’
Mz

P0L) - # 3@n (5:2)
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while the Landau pole is at

1 1 11N, —2N; A%y
0=———=— — log . 5.3
9*(Aqep) 95 3(4m)? Adcp (5:3)
Combining the two, we find
11N, — 2Ny M2 1 6m
I = — A =M - | . 5.4
e ERy  POLy) o Seoo =Mz ) (54)

Five quark flavours are lighter than Myz: wu,d,s,c,b. The top quark is heavier, so take N. = 3 and
Ny = 5. This gives Aqcp ~ 0.097 GeV.

For a more realistic estimation, we can run the coupling towards the IR. When we go across the boundary
of the bottom quark mass, we take Ny to be 4. Then, we match the value at a(my) in both regime. We
repeat this procedure until ran into the landau pole.

6. Sheet 2, Problem 6: Casimirs and Dynkin Indices

For a representation R, define
1

TATA = C(R)1,  Te(TATP) = 5I(R)(SAB. (6.1)

Prove 2C(R) dim(R) = I(R) dim(G). Find C(R) for the fundamental and anti-fundamental of SU(N), and
calculate the adjoint Casimir of SU(2).

Solution.
Tr(T47T4) = C(R)dim 1 = C(R) dim R, (6.2)
while | |
Tr(TAT#) = 51(3)5“ = ;I(R)dim G. (6.3)
Therefore,
2C(R) dim(R) = I(R) dim(G). (6.4)

For fundamental representation of SU(N ), we have dim G = dim N and I(N) = 1, and hence C(N) = 1.
Since T4 = —(T4)*, we must have I(N) = I(N), and hence C(N) = C(N) = 1/2.
For adjoint representation of SU(2), the generators are—ie’j;, and hence

i€ jrie'y = 285 = Cf(adj) = 2. (6.5)

7. Sheet 2, Problem 7: Expanding the Chiral Lagrangian

For U = e*™/f= with 7 € su(N;), expand

2
Lpion = °F tr(0*UT0,U) (7.1)

through fourth order in 7. Show that the quadratic term is tr(d,m)? and that the quartic term can be written

—% tr [7%(9,m)? — (md,m)?] . (7.2)

For Ny =2 and T* = 0*/2, reduce the interaction to

Ling = [W“W“@uwba"ﬂb — w49, Wba”wb} . (7.3)

N
6/7
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Solution. Expanding U, we find
U:1+zﬂ_éw2_3‘§; B (7.4)
and hence
0,U = %E)ﬂﬂ 7 ((Oum)m + m(Oum)) — 3%)‘3 ((Oum)m® + w(Oum)m + 72(Dpum)) + - - . (7.5)
Expanding the Lagrangian, we have
st
= tr(9,m0"m) — ? tr [2(9,m)? — (m8um)?] +--- . (7.6)
For Ny = 2, we need to evaluate
tr(c%Pc%c?) = tr(c%®{o¢, 0?}) — tr(c®{c®, 0¢}0¢) + tr({c?, 0?}0%c°) + tr(cl0?c’c®). (7.7)
Using {0%, 0%} = 26% and Tr{aaab} = 20%, we find
tr(c®o’0°0?) = 2(5°°6°% — §*15°° 4 §245%°). (7.8)
Substituting into the Lagrangian, the interaction reduces to
Lint = —é [r*r9, 7P ot b — 19, mPoH 0] . (7.9)
8. Sheet 2, Problem 8: Meson Mass Relations
For Ny = 3, use the pion, kaon, and eta matrix
L (/V2+0/VE6 wt Kt
T=—= T -m/\V2+n/V6  K° (8.1)
vz ( K- K° —2n/ \/5)
With M = diag(m., mg, ms) and a mass term proportional to fr tr[(M + M*)7?], show
Mics ~Mico _ Mu = M (8.2)

m2 My + My

Then take m, ~ my to derive the Gell-Mann—Okubo relation 4m%< ~ 3m% +m2 and compare it with
measured meson masses.

Solution. ,
2 1 —0 S/l T +
()“_2[(I+I)+ +KK]
1 A
(7T2)22 5 [(_ﬂ \/6> +7 T +KOKO]

1 _ 2n?
(7%)33 = = [K_KJr + KK° + 77] :
Hence, the mass term is proportional to

mu(ﬂ2)11 +md(7T2)22 +ms(7T2)33- (8.3)
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Then, we can read off the masses of the Mesons, which are

My + mg + 4m
2 2 2 2 u s
My =My + Mg, Mko = Mg+ Ms, Mg+ =My +Ms, My = — 5 (8.4)

up to an overall constant. Therefore, we obtain the relation

2 2
My — Mo My — My

= = S (8.5)
Take m,, =~ mg, we immediately find m?2, ~ mﬁ{o ~ mﬁﬁ ~ m,, + ms. Then, it follows
4m?2, ~ 3m3] +m2. (8.6)

Using the PDG measured masses and averaging the charged and neutral squared masses within each
pion and kaon multiplet gives
4m? ~ 0.983 GeV2.

3m? +m?2 ~ 0.920 GeV>.
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