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1. Chapter 3, Problem 1: Torsion

Remove property (5), the torsion-free condition, from the definition of a derivative operator V, in section 3.1.
a) Prove that there is a tensor T, called the torsion tensor, such that every smooth function f satisfies

vavbf - vaaf = *Tcabvcf- (11)

Hint: Repeat the derivation of equation (3.1.8), using a torsion-free derivative operator V. for

comparison.
Solution. We have
Vavbf — vaabf — aaabf - Fcbaaaf~ (12)
Therefore, we find
[vay Vb]f = _(Fcab - Fcba)vcf — Tcab = Fcab - Fcbw (13)

b) For arbitrary smooth vector fields X* and Y%, show that

T XY" = XV, V¢ - YV, X~ [X, Y] (1.4)
Solution.
T XOY? = (T4 — T%,) XY, (1.5)
Note that
(VXY = (9,X°)Y? + T, XY?, (1.6)

which leads to

T XYY = XV, Y° — VOV, X + V%9, X¢ — XP9,Y° = XV, Y° - YV, X — [X,Y]°. (1.7)

c) Given a metric g5, prove that there is a unique derivative operator V, with torsion 7, for which
Vagbe = 0. Obtain the counterpart of equation (3.1.29), expressing this operator in terms of an ordinary
derivative 0, and T¢4.

Solution.
Vagbc =0 << aagbc - Fdabgdc + 1_‘dacgbd- (18)

Then, we find
aagbc = abgac - acgab = Tdbcgda F Tdacgdb 4F Tdabgdc 4 2dea9dcv (19)
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which gives

Fcba = [ng(aagbc = abgac - 8cgab) - Tabc - Tbac - Tcab] . (110)

N | =

2. Chapter 3, Problem 2: Harmonic Conjugates in Two Dimensions

Let M be a two-dimensional manifold with metric g, and associated derivative operator V,. A function «
is harmonic when
VoV = 0. (2.1)

Let €45 be antisymmetric and satisfy
ape™ = 2(—1)%, (2.2)

where s is the number of minus signs in the metric signature. Consider
VafB = e V0a. (2.3)

a) Check the integrability conditions for this equation (see chapter 2, problem 5, or appendix B), and
hence show that a local solution [ exists. Prove also that

V.V8 =0. (2.4)

Thus § is the harmonic conjugate of a.

Solution. If the equation is integrable, we must have V,Vy8 = V; V5. Therefore, the RHS
must also satisfy the compatibility condition. Consider

Ve Vea — Ve Vea = €,V Vea — €,V Va. (2.5)

If a,b = ¢, the term vanishes by the antisymmetric tensor. If a, b is equal to ¢, then the term still
vanishes by V,V®a = 0. Therefore, we conclude that

vaebcvca - vbeacvca = 0, (26)

and hence the equation is integrable. Locally, we have

ap«ﬁ = E;wayﬂv (27)
which gives

0of = €0101x, (2.8)

815 = 60180(1. (29)
These reduce to

(85 — 92)8 =0. (2.10)
Now, consider

VoV = € VeVl = 0, (2.11)

which vanishes by the antisymmetric property of €. Hence, § is the harmonic conjugate of a.

b) Use o and [ as coordinates and show that the metric can be written

ds* = +0%(av, B) [do® + (—1)°dB?] . (2.12)

Solution. Denote 4 = a,y' = 8, the metric transformation is given by

oz 0z

—— 2.1
By Oy (2.13)

g//u/ = gptT
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The inverse transforms as Lo
(g") = po OY* Oy

oxP 0x°
Clearly, g"! = ¢'* = 0, since V,aV?3 = 0. Meanwhile, ¢* = V,aV*«a and ¢g'! = (—1)*V,aV*Fa.
Therefore, we find

= 9"V ,y"Vay". (2.14)

ds* = +9%(a, B) [doz2 + (—1)Sdﬁ2] , (2.15)
where we have defined Q%(«, 8) = 1/|V, ,aVHal.

3. Chapter 3, Problem 3: Symmetries and Components of the Riemann
Tensor

a) Although the Riemann tensor initially has n* components in n dimensions, its symmetries

(3.2.13)—(3.2.15) reduce the number of independent components. Show that this number is

n%(n? —1)
— (3.1)
Solution. See my worked solution to David Tong GR Problem Sheet 2, Question 8.
4. Chapter 3, Problem 4: Curvature in Two and Three Dimensions
a) In two dimensions, prove that the Riemann tensor has the form
Raped = Rga[cgd]b- (41)

Hint: Use problem 3(b) to show that Jalc9d)p sPans the vector space of tensors with the algebraic
symmetries of the Riemann tensor.

Solution. Note that in two dimensions, the Riemann tensor only has one degree of freedom.
Therefore, it must be proportional to the Ricci scalar. Now the only tensor available at hand is
the metric tensor. Therefore, for the tensor to have the symmetry property of Riemann tensor, we
must have

Roped = Rga[cgd]b- (42)

b) Give the analogous argument in three dimensions to show that the Weyl tensor vanishes identically.
Equivalently, when n = 3, equation (3.2.28) holds with

Capea = 0. (4.3)
Solution. In three dimension,s the Riemann tensor has 6 degrees of freedom, while the Ricci

tensor also has 6 degrees of freedom. Therefore, there are no degrees of freedom left for the Weyl
tensor, and hence it vanishes identically in three dimensions.

5. Chapter 3, Problem 5: Affine Parameters

a) Prove that a curve whose tangent obeys equation (3.3.2) can be reparameterised so that equation
(3.3.1) holds.
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6 CHAPTER 8, PROBLEM 6: EUCLIDEAN GEODESICS IN SPHERICAL COORDINATES

Solution.  The non-affinely parametrised geodesic equation is given by

A2+ " dz¥ dz° dzt

D2 TR Ty T YA

while the affinely parametrised geodesics equation is given by

dr? YCdr dr

Under reparametrisation, the non-affinely parametrised equation becomes

Et L At (O d(dr\Y drde
dr? YOdr dr dr \ d\ dr dr -’

To make the equation affiniely parametrised, we need to solve
d (dr
“ (u) =0

1
—log |aT 4+ ¢c| = A+ Ap.
a

which has solution

parametrised.

(5.1)

(5.2)

(5.4)

(5.5)

Therefore, by making such a reparametrisation, we can make any geodesic equation affinely

b) If ¢ is an affine parameter on a geodesic 7, show that every other affine parameter is of the form

at + b,

where a and b are constants.

(5.6)

Solution. If the geodesic equation is already affinely parametrised, a reparametrisation will

remain affine if and only if

d (dr

(5.7)

6. Chapter 3, Problem 6: Euclidean Geodesics in Spherical Coordinates

For Euclidean R?, use the spherical-coordinate metric
ds® = dr? 4+ r? (dt92 + sin? 9d¢2)
from chapter 2, problem 8.

a) Calculate the Christoffel components I'?,,,, in these coordinates.

Solution. Using
Fp;w = 7gpg(ap,gua + at/guo' - 609;“/)-

We start with
IMog = —=9"0rgop = —1, T4 = —rsin’0.

Then, we also have
1 1
F9¢¢ = figeeaegw = —cosfsinf, T%,=T%,= e

(6.1)
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Finally, with ¢ being the upper index, we have

1
F¢¢r = Fd)mg = o F¢¢9 = F¢9¢ = cot 6. (6.5)

b) Write the component geodesic equations and verify that their solutions are straight lines when expressed
in Cartesian coordinates.

Solution. . .
i —rf? — rsin® 6¢% = 0, (6.6)
0 — cos fsin g + 27‘9 =0, (6.7)
T
and 5
¢+ ;r'gé + 2 cot 0 = 0. (6.8)
Although not entirely obvious, this is precisely # = 0 in the spherical form, which obviously has
straight lines as its solutions.
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