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1. Chapter 3, Problem 1: Torsion

Remove property (5), the torsion-free condition, from the definition of a derivative operator ∇a in section 3.1.

a) Prove that there is a tensor T c
ab, called the torsion tensor, such that every smooth function f satisfies

∇a∇bf − ∇b∇af = −T c
ab∇cf. (1.1)

Hint: Repeat the derivation of equation (3.1.8), using a torsion-free derivative operator ∇̃a for
comparison.

Solution. We have
∇a∇bf = ∇a∂bf = ∂a∂bf − Γc

ba∂af. (1.2)

Therefore, we find

[∇a, ∇b]f = −(Γc
ab − Γc

ba)∇cf =⇒ T c
ab = Γc

ab − Γc
ba. (1.3)

b) For arbitrary smooth vector fields Xa and Y a, show that

T c
abXaY b = Xa∇aY c − Y a∇aXc − [X, Y ]c. (1.4)

Solution.
T c

abXaY b = (Γc
ab − Γc

ba)XaY b. (1.5)

Note that
(∇bXc)Y b = (∂bXc)Y b + Γc

baXaY b, (1.6)

which leads to

T c
abXaY b = Xb∇bY c − Y b∇bXc + Y b∂bXc − Xb∂bY c = Xa∇aY c − Y a∇aXc − [X, Y ]c. (1.7)

c) Given a metric gab, prove that there is a unique derivative operator ∇a with torsion T c
ab for which

∇agbc = 0. Obtain the counterpart of equation (3.1.29), expressing this operator in terms of an ordinary
derivative ∂a and T c

ab.

Solution.
∇agbc = 0 ⇐⇒ ∂agbc = Γd

abgdc + Γd
acgbd. (1.8)

Then, we find
∂agbc + ∂bgac − ∂cgab = T d

bcgda + T d
acgdb + T d

abgdc + 2Γd
bagdc, (1.9)
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which gives
Γc

ba = 1
2

[
gcd(∂agbc + ∂bgac − ∂cgab) − Tabc − Tbac − Tcab

]
. (1.10)

2. Chapter 3, Problem 2: Harmonic Conjugates in Two Dimensions

Let M be a two-dimensional manifold with metric gab and associated derivative operator ∇a. A function α
is harmonic when

∇a∇aα = 0. (2.1)

Let εab be antisymmetric and satisfy
εabεab = 2(−1)s, (2.2)

where s is the number of minus signs in the metric signature. Consider

∇aβ = εab∇bα. (2.3)

a) Check the integrability conditions for this equation (see chapter 2, problem 5, or appendix B), and
hence show that a local solution β exists. Prove also that

∇a∇aβ = 0. (2.4)

Thus β is the harmonic conjugate of α.

Solution. If the equation is integrable, we must have ∇a∇bβ = ∇b∇aβ. Therefore, the RHS
must also satisfy the compatibility condition. Consider

∇aεbc∇cα − ∇bεac∇cα = εbc∇a∇cα − εac∇b∇cα. (2.5)

If a, b = c, the term vanishes by the antisymmetric tensor. If a, b is equal to c, then the term still
vanishes by ∇a∇aα = 0. Therefore, we conclude that

∇aεbc∇cα − ∇bεac∇cα = 0, (2.6)

and hence the equation is integrable. Locally, we have

∂µβ = εµν∂νβ, (2.7)

which gives
∂0β = ε01∂1α, (2.8)

∂1β = ε01∂0α. (2.9)

These reduce to
(∂2

0 − ∂2
1)β = 0. (2.10)

Now, consider
∇a∇aβ = εab∇a∇bα = 0, (2.11)

which vanishes by the antisymmetric property of ε. Hence, β is the harmonic conjugate of α.

b) Use α and β as coordinates and show that the metric can be written

ds2 = ±Ω2(α, β)
[
dα2 + (−1)sdβ2]

. (2.12)

Solution. Denote y0 = α, y1 = β, the metric transformation is given by

g′
µν = gρσ

∂xρ

∂yµ

∂xσ

∂yν
. (2.13)
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The inverse transforms as
(gµν)′ = gρσ ∂yµ

∂xρ

∂yν

∂xσ
= gρσ∇ρyµ∇σyν . (2.14)

Clearly, g01 = g10 = 0, since ∇ρα∇ρβ = 0. Meanwhile, g00 = ∇µα∇µα and g11 = (−1)s∇µα∇µα.
Therefore, we find

ds2 = ±Ω2(α, β)
[
dα2 + (−1)sdβ2]

, (2.15)

where we have defined Ω2(α, β) = 1/|∇µα∇µα|.

3. Chapter 3, Problem 3: Symmetries and Components of the Riemann
Tensor

a) Although the Riemann tensor initially has n4 components in n dimensions, its symmetries
(3.2.13)–(3.2.15) reduce the number of independent components. Show that this number is

n2(n2 − 1)
12 . (3.1)

Solution. See my worked solution to David Tong GR Problem Sheet 2, Question 8.

4. Chapter 3, Problem 4: Curvature in Two and Three Dimensions

a) In two dimensions, prove that the Riemann tensor has the form

Rabcd = Rga[cgd]b. (4.1)

Hint: Use problem 3(b) to show that ga[cgd]b spans the vector space of tensors with the algebraic
symmetries of the Riemann tensor.

Solution. Note that in two dimensions, the Riemann tensor only has one degree of freedom.
Therefore, it must be proportional to the Ricci scalar. Now the only tensor available at hand is
the metric tensor. Therefore, for the tensor to have the symmetry property of Riemann tensor, we
must have

Rabcd = Rga[cgd]b. (4.2)

b) Give the analogous argument in three dimensions to show that the Weyl tensor vanishes identically.
Equivalently, when n = 3, equation (3.2.28) holds with

Cabcd = 0. (4.3)

Solution. In three dimension,s the Riemann tensor has 6 degrees of freedom, while the Ricci
tensor also has 6 degrees of freedom. Therefore, there are no degrees of freedom left for the Weyl
tensor, and hence it vanishes identically in three dimensions.

5. Chapter 3, Problem 5: Affine Parameters

a) Prove that a curve whose tangent obeys equation (3.3.2) can be reparameterised so that equation
(3.3.1) holds.

https://luca-yucheng-jin.github.io/luca-physics-site/notes/tong-gr-ps2.html#independent-components-of-the-riemann-tensor-q8
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Solution. The non-affinely parametrised geodesic equation is given by

d2xµ

dλ2 + Γµ
νσ

dxν

dλ

dxσ

dλ
= α

dxµ

dλ
, (5.1)

while the affinely parametrised geodesics equation is given by

d2xµ

dτ2 + Γµ
νσ

dxν

dτ

dxσ

dτ
= 0. (5.2)

Under reparametrisation, the non-affinely parametrised equation becomes

d2xµ

dτ2 + Γµ
νσ

dxν

dτ

dxσ

dτ
=

(
α − d

dτ

(
dτ

dλ

))
dλ

dτ

dxµ

dτ
. (5.3)

To make the equation affiniely parametrised, we need to solve

α − d

dτ

(
dτ

dλ

)
= 0, (5.4)

which has solution
1
α

log |ατ + c| = λ + λ0. (5.5)

Therefore, by making such a reparametrisation, we can make any geodesic equation affinely
parametrised.

b) If t is an affine parameter on a geodesic γ, show that every other affine parameter is of the form

at + b, (5.6)

where a and b are constants.

Solution. If the geodesic equation is already affinely parametrised, a reparametrisation will
remain affine if and only if

d

dτ

(
dτ

dt

)
= 0 =⇒ τ = at + b. (5.7)

6. Chapter 3, Problem 6: Euclidean Geodesics in Spherical Coordinates

For Euclidean R3, use the spherical-coordinate metric

ds2 = dr2 + r2 (
dθ2 + sin2 θ dφ2)

(6.1)

from chapter 2, problem 8.

a) Calculate the Christoffel components Γσ
µν in these coordinates.

Solution. Using
Γρ

µν = 1
2gρσ(∂µgνσ + ∂νgµσ − ∂σgµν). (6.2)

We start with
Γr

θθ = −1
2grr∂rgθθ = −r, Γr

φφ = −r sin2 θ. (6.3)

Then, we also have
Γθ

φφ = −1
2gθθ∂θgφφ = − cos θ sin θ, Γθ

θr = Γθ
rθ = 1

r
. (6.4)
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Finally, with φ being the upper index, we have

Γφ
φr = Γφ

rφ = 1
r

, Γφ
φθ = Γφ

θφ = cot θ. (6.5)

b) Write the component geodesic equations and verify that their solutions are straight lines when expressed
in Cartesian coordinates.

Solution.
r̈ − rθ̇2 − r sin2 θφ̇2 = 0, (6.6)

θ̈ − cos θ sin θφ̇2 + 2
r

ṙθ̇ = 0, (6.7)

and
φ̈ + 2

r
ṙφ̇ + 2 cot θθ̇φ̇ = 0. (6.8)

Although not entirely obvious, this is precisely r̈ = 0 in the spherical form, which obviously has
straight lines as its solutions.
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