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Problem prompts are paraphrased from Robert M. Wald, General Relativity (University of Chicago Press,
1984); the equations, notation, numbering, and guidance follow the source. See the official publisher page.

1. Chapter 4, Problem 1: Charge Conservation

Show that Maxwell’s equation (4.3.12) implies strict charge conservation,

Vaj® = 0. (1.1)

Solution.  Although it is a lot easier to work in form language, but we shall stick with covariant
derivatives here. First, note that F),, = 9,4, —-0,4, =V, A, —V,A,. The equation of motion becomes

VAV, A, — VAV, A, = —47j,. (1.2)
Taking covariant derivative on both side, the LHS is
VYVAV, A, — V'VEY, A, = [V”, VH|V,A,. (1.3)
Using (3.2.21), we have
VYVAV A, — V'VHV, A, = R,,"°VsA” + R,V A", (1.4)

Relabelling the second term, and using the antisymmetric property of Riemann tensor we find that the
LHS vanishes identically. Therefore, we find

V.54 = 0. (1.5)

2. Chapter 4, Problem 2: Hodge Duality and Maxwell Theory

a) Let a be a p-form on an oriented n-dimensional manifold with metric g,. Thus Qgy..q, 18 totally
antisymmetric. Define its dual by

1l
*Qp, by, = Zja P€qy-rapby - by_ps (2.1)

where €4, ...q, is the natural volume element, fixed up to sign by equation (B.2.9). Prove
xx = (—1)5TP( =Pl (2.2)

with s the number of minus signs in the signature of ggu.


https://press.uchicago.edu/ucp/books/book/chicago/G/bo5952261.html

2 CHAPTER j, PROBLEM 2: HODGE DUALITY AND MAXWELL THEORY

Solution.
(x*@)eyee, = m(*oz)bl'“b"’p€b1~~~bn,pcl...c,,
= ]%ﬁaal""‘peal"'a”bl'"bn*peblmbn_pcl-ucp
= %ﬁaal-»-a,}(—l) s+p(n—P)p!(n —p)! 5([:?1 .. .535]
= (—1)5”("”’)0[61.“%.

b) Rewrite Maxwell’s equations (4.3.12) and (4.3.13) in differential-form notation as

dxF =41 %j, dF =0.

(2.3)

(2.4)

Explain how Stokes’s theorem applied to the first equation gives Gauss’s law on a three-dimensional

hypersurface 3 with boundary S:

1
*j = — [ xF,
/z ar Jg

—/*j:—/j“taalzze7 —/*F:/E“nad/L
b b s s

where t% is the unit normal to ¥ and E, = F,t’.

together with

Solution. First, we start with the covariant derivative form,
VuFH = 9, FH + T#,, F7 + T 47,

where the last term vanishes. Then, note that

Vdl

which follows |
VuF* = ——0, (VIglF") = —4nj".

Vdl

To see that this is equivalent to the alternative formulation, we compute
1
dx F = 205 (Fuue"” po) dz* A dz” A da?,

while .
*j = ij“ e pedx” N dxP A da?.

Using €vp0 = V/|9|€uvpo, Where ¢ is the totally antisymmetric tensor, we find

. 1 v 1 :
d*xF =4nxj <— 13,\( |g|F* )sw,p,,:47r§\/|g|]“eu>\pa.

Contracting both side with €°*#? we find

Vol

Therefore, we have shown
VM = —4nj¥ < dxF =4m*].

Now, using stokes theorem, we have
1 1
/*j:— d*F =— *F.
b

dr Jx T Jox

Gauss’s law.

1 1 1 1
T#,e = §g“p80gup = 58,, trlog g., = 530 log g = 0, log \/|g| = —09,/|gl,

1 1 ) 1 §
19 (\/Epw) 21 (85,8 — 523°) = drg; 9543188 = ——a, (\/@Fu ) _

(2.5)

(2.6)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

If we take the X to be spacelike, then n, is a timelike unit vector, and hence the above reduces to



8 CHAPTER j, PROBLEM 3: GRAVITOMAGNETISM AND FRAME DRAGGING 3
3. Chapter 4, Problem 3: Gravitomagnetism and Frame Dragging
a) Derive equation (4.4.24).
Solution.  We start with
80uFop = 167J,,. (3.1)
Identifying A, = —T,t%, where t* = (9/02°)?, we find that the equation reduces to Maxwell’s

metric. In this case, the perturbed metric is given by
You = Vo = —4A,, 7 =7% = 44,

and hence
Yoo = —2A40, 7oi = 44;.

To first order in «, the Christoffel connection is given by
1
I, = 5(8,)7“0 + 07" p — " Yp0)-
In our case, the relevant connections are
Tigo = 0°Ag = E*, Ty =T = 2(0;4; — 9;4;),

which gives '

This is precisely
%X =—-E—4v x B.

equation. Now, we shall evaluate the geodesic equation while neglecting the time derivative of the

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

b) Consider a spherical shell of mass M and radius R, with M < R, rotating slowly with angular velocity

w. Show that the gravitational electric and magnetic fields inside it are

2M
E= B=—uw.
0, 3Rw

Solution.  The current is given by

M M
J'=p= mé(rfR), J= 47TR25(1"7R)0J X T.

we use the Green’s function method, which gives

/ !/ _ / 35/
A(x):/ J(x') %' = wa/é(r R)xd3x’: wa/dﬂ' re

|x — x/|  47mR? |x — x/| 47 R? |x — R¥/|

Since M < R, we can carry out dipole expansion, which gives

MR ¥oMx-)] M
A(X):?wx/dgl |:R+_R2:| :ﬁwxx,

Where we have used the identities
A 47
/’I“i’l"j dQ) = ?du

/f‘dQ:O.

_2M

and

Therefore, we find
B

(3.8)

(3.9)

By Gauss’s law, it is easy to see that E = 0 inside the shell. For the gravitational magnetic field,

(3.10)

(3.11)

(3.12)



5 CHAPTER 4, PROBLEM 5: A SUPERPOTENTIAL FOR A CONSERVED TENSOR 4

c) An observer at rest at the shell’s centre parallelly propagates a vector S® along the observer’s geodesic
world line, with S%u, = 0. Show that its inertial components S precess according to

dS 4 M
Interpret this as the rotating shell dragging the local inertial frame, in the sense discussed in connection

with Mach’s principle.

Solution. e
WVt =0 = —- +u'TH,,57 = 0. (3.14)

Note that we have already computed the Christoffel symbol, and hence we have

s’
dt

s 4M

= -T%;8 = —2(0;A; — 8;4;)S? = = 3p@ xS (3.15)

Therefore, S precesses around the rotating axis of the spherical shell with an angular velocity €2.

4. Chapter 4, Problem 4: Quadratic Ricci Tensor

Starting from equation (3.4.5) for Ry, substitute
Jab = TMab + Vab (4.1)

and retain exactly the terms quadratic in 4. In this way, derive the formula (4.4.51) for Rg)).

Solution. See my worked solution to David Tong GR Problem Sheet 4, Question 4.

5. Chapter 4, Problem 5: A Superpotential for a Conserved Tensor

Let T, be symmetric and conserved in Minkowski spacetime:
Too = Thay 0Ty = 0. (5.1)

Show that there is a tensor U, with symmetries

Uacbd = Ulacibd = Uacpd) = Ubdac (5.2)
such that
Tab = acadUacbd~ (53)
Hint: If a Minkowski-space vector field obeys d,v* = 0, the converse of the Poincaré lemma applied to
the three-form egpeqv® gives an antisymmetric field 5% = —gb@ such that
v = 05, (5.4)
First use this fact to obtain
Tap = achab; Weap = W[ca]ba (55)

and then use 0°W [ = 0 to reach the required result.

Solution. Let "
J = gvdeabcddaja A dzb A dz®, (5.6)

then
dJ =0 <= 0%, =0. (5.7)



https://luca-yucheng-jin.github.io/luca-physics-site/notes/tong-gr-ps4.html#the-fierz-pauli-action-q4-health-warning-this-question-is-not-short

7 CHAPTER 4, PROBLEM 8: RADIATION FROM AN OSCILLATING SPRING

By Poincaré lemma, we have
dJ = J=dw, wePR" ), (5.8)

which is equivalent to
’l}deabcd = 8awbc — % = abwcdeade = 6bs“b7 (59)

where we defined s% = w,4¢%°?. Now take 0%Ty;, = 0, where we can treat b as a dummy label. This gives
Tup = 0 Weaty  Weas = Wicalp- (5.10)

Now using the symmetric property of 7%, we have O°Weiqp)- Now, we can treat [ab] as dummy labels
and apply the result from Poincaré lemma once more, which gives

Wc[ab] = 8d‘/dc[ab]a Vdc[ab] = ‘/[dc] [ab]- (511)

Defining U, cpq = —Vaebd — Vodae, We find the required tensor.

6. Chapter 4, Problem 7: Energy in Linearised Gravity

a) Show that the total energy E of equation (4.4.55) is independent of time: the same value is obtained

by integrating over a time translate ¥’ of X.

Solution. Since, 3%, = 0, we have

dE dt ;
- = 700 dsx = / 6Zti0d31' = 0 (61)
at )y dt 5

b) Let &, generate a gauge transformation which is zero outside a bounded spatial region. Prove

Evab) = Evab + 20(al)]- (6.2)

Compare both sides with

E[’yab + 28((151/))]’ (63)

where &/, agrees with &, near ¥ but vanishes near another hyperplane X'.
Solution.  Since &, vanishes at ¥/, we have

Elya) = /E , too[Vab]d3z = /E , too[vab + 20(a&p)ld>z. (6.4)
By conservation of total energy, this is equivalent to

E['yab] = / too[’yab S Qa(agli)]d?’x, (6.5)
b

Finally, since &, agrees with &, near X, we have

E[Yab] = E[vab + 20(a&p)]- (6.6)

7. Chapter 4, Problem 8: Radiation from an Oscillating Spring

Two point particles, each of mass M, are fixed to opposite ends of a spring with spring constant K and set
oscillating. Using the quadrupole approximation (4.4.58), determine the fraction of their oscillation energy

radiated in one cycle.
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Solution.  The masses are oscillating with frequency w and amplitude A, and separated by a distance
2L at equilibrium. Then, the mass density is given by

Too(x,t) = p(x,t) = Md(y)d(2)[d(x — L — Acoswt) + 6(x + L + A coswt)]. (7.1)

The only nonzero quadrupole moment of energy is given by

Iy = 2M (L + Acoswt)? = 2Mz(¢), (7.2)
and hence its traceless part:
Mz 0 0
0 0 —2IMa?

Taking the third order time derivative
72 (t) = 2Aw®(2A sin 2wt + L sin wt) (7.4)
and we find the power of emission to be
P= %GM2A2W6(2A sin 2wt + L sin wt)?. (7.5)

Averaging over one period, we find

16
(P) = 1—5GM2A20J6(4A2 + L?) (7.6)
The total energy we started with is
E = Mw?A?, (7.7)
and hence Ne
— = T;TGMWS(ZLA? +12). (7.8)

8. Chapter 4, Problem 9: Orbital Decay of a Binary System

Two negligibly small stars, each of mass M, move in a nearly Newtonian circular orbit of radius R about one
another. Assuming equation (4.4.58) applies, compute the rate at which gravitational radiation increases
their orbital frequency.

Solution. See my related worked solution to David Tong GR Problem Sheet 4, Question 6.


https://luca-yucheng-jin.github.io/luca-physics-site/notes/tong-gr-ps4.html#gravitational-wave-emission-from-a-binary-system-q6
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