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1. Chapter 5, Problem 1: Robertson—Walker Coordinates

Show that the Robertson-Walker metric (5.1.11) can be rewritten as

dr?

1— kr?

(1.1)

ds? = —d7? + a?(7) + 72 (d6* +sin® 0. d¢?) | .

For k = +1, determine which part of the three-sphere is covered by these coordinates.

Solution. For K = 0, the metric is simply
ds® = —dr* + a*(1)dx?® = —dr? + a*(7)(dr® + dQ3). (1.2)
For K > 0, we define
sin? ¢ = 72, (1.3)
which gives
2 __ 2
——dr® = dv”. (1.4)
Therefore, we have
2
ds®* = —dr? + a*(7) <1d_rT2 + r2dﬂg) . (1.5)
Similarly, we find
dr?
ds* = —d7* + a*(7) (1 e + rzdﬁg) (1.6)
for k < 0 by defining 2 = sinh? ).
Note that for K > 0, r € [0, 1], which only covers either ¢ € [0,7/2] or ¢ € [r/2,7]|. Therefore, it only
covers the northern or the southern hemisphere of the three-sphere.

2. Chapter 5, Problem 2: The Friedmann Equations for Curved Spatial
Sections

Derive Einstein’s equations (5.2.14) and (5.2.15) for the three-sphere (k = +1) and hyperboloid (k = —1)
geometries.

Solution. The metric tensor is

9 = diag(—1,a%/(1 — kr?),a?r?, a*r?sin? 0).
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2 CHAPTER 5, PROBLEM 2: THE FRIEDMANN EQUATIONS FOR CURVED SPATIAL SECTIONS

The Levi-Civita connection is given by

1

Fpm/ = 59’”(5“9;/0 + 81/9;40 - 809;“/)- (2'2)

We start with . .

. . .. a
]-—wir = ]-—‘l'ri =—g" az i) — T 2.3
5" (0igi) = 23

Meanwhile,
7, = _Lger __ua I7oe = r2aa, T7 gy = r’sin®faa (2.4)
Fp = 2.9 9rr = 1_ era 60 — ) op — . .

On top of that, we also have

1 k 1
I G = 59” rGrr = 177;7&, g9 = —ig”aegrr =—(1—-kr¥)a®r, T745=—(1—krP)a’rsin®0. (2.5)
Finally, we also have
) o o _ 1o _ L g b 6 _vro  _ 1
F¢¢— 2g 89g¢¢— Sln@COS@, Fgr—r Tg—zg arggg— y I ¢T—F r$ — y (26)
r T
and
e, =T% =cotf (2.7)
06 = L 40 — .
with all the rest of the components vanishes.
Now, we are ready to compute the Ricci tensor, which is given by
B = G0 gy = @l 1y 3= T sl i = Tl T e (2.8)
R.y = —38,I",, — 317, I",, = —32. (2.9)
a

Note that R = 1;7]‘2”"2]%”, and

Rrr = 8—,—1—‘7—”‘ + arrrrr - 87’FTT7’ - 267’th9r
+ (FT’I‘T)2 + 2FTTT‘F9T9 + 3FT’I‘TFT’I‘T - (FTTT)2 - QFT’I‘TFTTT - 2(F00r>2
a*+ai 2 a? k 2 (2.10)
1—kr2 +r2 * 1—167“2jL 1—Fkr? +7“2
24 +ad L2
C 1—kr2 11— kr?’

which gives

a at+k
Roy=[(-+4+2 . 2.11
<a + a? ) ( )
The Ricci scalar is given by
. . 2 k
RRTT+3R**6<Q+G hs ) (2.12)
a a
Therefore, we find Einstein’s equations to be
a’+k
GTT = 37 = 87707 (213)
24k
Gu=—22 Y _gip (2.14)
a a
Manipulating a bit, we find
3a2 3k
3a

= = —dn(p+3P). (2.16)
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3. Chapter 5, Problem 3: Cosmological Constant Solutions

a) Use the modified Einstein equation (5.2.17) with cosmological constant A to write the counterparts of
equations (5.2.14) and (5.2.15), including their A terms. Show that a static solution exists precisely
when k£ = +1 and A > 0. For a dust-filled Einstein static universe (P = 0), relate its radius a to the
density p. Perturb a slightly away from equilibrium and show that the static solution is unstable.

Solution. Einstein’s equations become

Grr — A = 8mp, (3.1)
Gux + A = 87P, (3.2)
which gives
%—AZSWp—%, (3.3)
% _ A= —4r(p+3P). (3.4)

A static universe would have ¢ = ¢ = 0, which gives
3k

A =4n(p+ 3P). (3.6)

It is easy to see that we must have k = +1 for the static universe solution to exist. In the case of
a dust-filled static universe, we have ag = \/1/4mp and A = 4mp.

Consider perturbing the universe to a = ap + da with da/ap < 1, and release it (da = 0). Through
mass conservation, we have pgad = p(ag + da)3. We find

T da
da = ;%, (37)

which means that the static universe is not stable.

b) Set A > 0 and T, = 0 in the modified Einstein equation. Find the spatially homogeneous and isotropic
solution for k£ = 0. This gives de Sitter spacetime; the k = 41 solutions correspond to other choices of
spacelike hypersurfaces in the same spacetime.

Solution. The equations become
342 3a
This has a solution
a(r) = Ae VAT, (3.9)

4. Chapter 5, Problem 4: Cosmological Redshift

Derive the redshift relation (5.3.6) through the following steps.

a) Show that

a
a = 7ha s 1= —, 4.1
Vv Up a b a ar ( )

where hg, is defined in equation (5.1.10).
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CHAPTER 5, PROBLEM 5: RADIAL NULL GEODESICS AND GLOBAL LIGHT TRAVEL

ds®* = —dr* + hyj(T)dz'dx?.
The covariant derivative is therefore
Vyuy = Opuy = TP u, =17 4.

In problem 5.2, we found '
- a
F ij = Ehlﬂj(7-)7

0 0
=0 )

where

Therefore, we find

b) Along any null geodesic, prove

where ) is an affine parameter.

dw dx*
_— — — kM E— Y w
N N Ouw =K'V w MV (B ).

Since k# satisfies the geodesic equation, we have k#V k¥ = 0. Therefore, we have

dw a a a
— = — —kHEY = — —kFrEY = —— 2
N ak kY hy ak kY (upuy + guw) aw .

c) Integrate the result of part (b) to obtain equation (5.3.6).

Solution. Rearranging, we find

do __drda
w2 dra’
Note that
dx* dx¥ det dz¥ dr  dr

YOS TO dr T I g g dh T ax
Therefore, we find

dw _@ _ W a(Tg)-
w a w2 a(T1)

Solution. In a local chart, we have u* = (1,0,0,0). The FRW metric can be written as

Solution. Let the photon have coordinate x#(\), then k* = dz*/d\. In our case,

(4.8)

(4.10)

(4.11)

(4.12)

5. Chapter 5, Problem 5: Radial Null Geodesics and Global Light Travel

Consider a radial null geodesic in a Robertson—Walker cosmology (5.1.11), so that

o do

ﬁ‘dA‘O'

(5.1)

a) For each of the three spatial geometries, show that the change in the coordinate 1) between times 71

and 79 is

=

(5.2)



5 CHAPTER 5, PROBLEM 5: RADIAL NULL GEODESICS AND GLOBAL LIGHT TRAVEL

In the flat case (k = 0), ¢ is the usual radial coordinate,

'll) _ (562 +y2 +2,2)1/2'

Solution.  For the null geodesic, ds = 0. Therefore, we have

dr? 5,  dp? 2 dr

(5.4)

b) In the dust-filled spherical model, prove that a ray emitted at the big bang completes exactly one

circuit of the universe by the big crunch.
Solution. For the dust-filled spherical model, we have
1 1 :
a= 50(1 —cosn), T= 50(17 — sinn).

The integral becomes

27
Ay = / dn = 2.
0

(5.5)

(5.6)

c¢) In the radiation-filled spherical model, prove instead that such a ray covers exactly half the universe

before the big crunch.

Solution. In this case, we have
a=VC'[l—(1-71/VC) "2,

which gives

VT dr
M=), RGO
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